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Symmetry Topological Field Theory and
Non-Abelian Kramers–Wannier Dualities of
Generalised Ising Models

Clement Delcamp and Nafiz Ishtiaque

Abstract. For a class of two-dimensional Euclidean lattice field theories
admitting topological lines encoded into a spherical fusion category, we
explore aspects of their realisations as boundary theories of a three-
dimensional topological quantum field theory. After providing a general
framework for explicitly constructing such realisations, we specialise to
non-abelian generalisations of the Ising model and consider two opera-
tions: gauging an arbitrary subsymmetry and performing Fourier trans-
forms of the local weights encoding the dynamics of the theory. These
are carried out both in a traditional way and in terms of the three-
dimensional topological quantum field theory. Whenever the whole sym-
metry is gauged, combining both operations recovers the non-abelian
Kramers–Wannier duals à la Freed and Teleman of the generalised Ising
models. Moreover, we discuss the interplay between renormalisation group
fixed points of gapped symmetric phases and these generalised Kramers–
Wannier dualities.
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1. Introduction

Noether’s theorem assigns to a global continuous invertible 0-form symmetry
in a quantum field theory a collection of one-codimensional topological de-
fects, such that correlation functions involving networks of these defects are
insensitive to deformations preserving the topology of the underlying subman-
ifold, unless they are pulled through charged operators. Conversely, a mod-
ern perspective identifies the existence of a collection of topological defects
in a quantum field theory as the defining property of a (global) symmetry.
This viewpoint has led to various generalisations of the ordinary notion of
symmetry—typically referred to as generalised symmetries—whereby defects
are not necessarily one-codimensional and the accompanied transformations
of the fields are not necessarily invertible or continuous [36,46].

While ordinary global symmetries are encoded into groups, generalised
symmetries are encoded into higher mathematical structures. In (1+1) dimen-
sions, the requirement that we must be able to construct junctions of topolog-
ical defects, together with finiteness and semisimplicity assumptions, suggests
an axiomatisation in terms of (spherical) fusion categories [19,21,59,86,87,91].
Though somewhat exotic, such generalised symmetries are not uncommon in
(1+1)-dimensional physical systems. For instance, Verlinde lines in a (1+1)d
rational Conformal Field Theory (CFT) [82,93], which fuse according to the
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representation theory of the underlying chiral vertex algebra, provide exam-
ples of typically non-invertible topological defects. A particularly celebrated
example is that of the Kramers–Wannier duality line in the diagonal Ising
CFT [34,35,77,78]. Another common source of examples are ordinary global
symmetries with respect to non-abelian groups, which upon gauging pro-
duce non-invertible topological lines labelled by representations of the group
[7,10,18,19,26,88].

Within this paradigm, a framework has recently emerged enabling a cal-
culus of topological defects that leverages well-established methods from Topo-
logical Quantum Field Theory (TFQT). Fundamentally, the idea is that a
theory with a given finite symmetry can be realised as a boundary theory of
a higher-dimensional fully extended TQFT hosting a gauged version of this
symmetry. An early incarnation of this mechanism within the context of two-
dimensional rational CFTs was developed in Ref. [37–40]. More recently, it
has either been referred to as ‘topological holography’ [23,48,49,54,55,59,66],
‘strange correlators’ [92,99], ‘symmetry Topological Field Theory (SymTFT)’
[1,60,64], or ‘sandwich construction’ [36], depending on the physical con-
text. The upshot is that all the symmetry aspects of a theory can be un-
derstood in terms of this higher-dimensional TQFT, e.g. anomalies, gener-
alised charges, twisted sectors, gapped symmetric phases, order/disorder op-
erators, phase transitions, etc. Most relevant to the present work, it makes
gauging non-invertible (but also invertible) symmetries particularly convenient
[26,28,45,67].

The exploitation of this calculus of topological defects has mainly fo-
cused on the continuous setting. Nevertheless, there have been remarkable
developments within the context of one-dimensional quantum lattice models,
where topological defects act as linear operators on some microscopic Hilbert
space. A particularly convenient way of approaching (1+1)d lattice models
with non-invertible symmetries is to employ the anyonic chain construction,
which has the merit of clearly distinguishing an abstract symmetry—defined
in a completely intrinsic way—from its concrete realisation in a given phys-
ical system. First introduced for the case of topological lines encoded into
the Fibonacci modular tensor category [43], it was subsequently extended to
su(2)k anyonic theories in Ref. [44], and later to the case of an arbitrary fusion
category in Ref. [13]. This framework can be used for instance to realise fixed
point Hamiltonians of (1+1)d gapped phases preserving (non-anomalous) sym-
metries encoded into fusion categories [51]. Recently, a generalisation of the
anyonic chain construction was introduced in Ref. [67–69], realising many as-
pects of the SymTFT philosophy in one-dimensional quantum lattice models.
Amongst others, this generalisation presents two overlapping advantages over
the original construction: (i) It is more versatile, facilitating the task of writing
a given quantum model as an anyonic chain, and thus enabling a systematic
study of its symmetry. (ii) It makes the implementation of generalised gaug-
ing procedures particularly straightforward, which upon a careful treatment of
boundary conditions and charge sectors can be promoted to dualities. Further
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developments were presented in Ref. [11], and preliminary results regarding
the higher-dimensional scenario were already obtained in Ref. [22,30,52,74].
The goal of the present manuscript is to apply the philosophy of Ref. [11,
67,68] to 2d Euclidean lattice field theories. Many aspects of the SymTFT
philosophy have already been implemented within this context, see e.g. Ref.
[2,3,42,92,94], reminiscing of ideas that originated in the study of integrable
systems [81,83,89]. Our work complements previous constructions in the fol-
lowing ways: (i) We introduce a systematic and concrete way of realising a
large class of physical models as boundary theory of a fully extended TQFT.
(ii) We explicitly perform the coupling of the resulting partition functions with
topological lines encoding the symmetry. (iii) We compute the effective field
theory obtained after gauging any subsymmetry, as well as the resulting topo-
logical lines. (iv) We discuss the interplay between the aforementioned aspects
and the notion that the same symmetric theory can be realised as a boundary
theory of different TQFTs.

Concretely, consider a cell decomposition ΣΥ of an oriented two-dimens-
ional surface Σ and a spherical fusion category C. The spherical fusion cat-
egory C serves as input datum of a state-sum TQFT via the Turaev–Viro–
Barrett–Westbury construction [20,90]. After picking a cell decomposition of
the manifold ΣΥ × [0, 1], we impose a topological brane boundary condition on
ΣΥ × {0}, and a (typically non-topological) ‘physical’ boundary condition on
ΣΥ ×{1}. Generally, topological brane boundary conditions are solely encoded
into module categories over C [41,58]. For now, let us suppose that we impose
the so-called Dirichlet brane boundary condition associated with the module
category C over itself, which is the only choice that can always be made re-
gardless of C. Amongst the bulk topological line operators of the TQFT, only
those encoded into C itself do not condense along ΣΥ × {0}. These topological
lines can be thought of as the analogues of ’t Hooft lines in a gauge theory.
The interval compactification along [0, 1] of the partition function the (2+1)d
state-sum TQFT assigned to ΣΥ × [0, 1] realises the partition function of a
2d C-symmetric theory. The symmetry follows from the ability to couple the
theory with topological lines in C, which are images of the topological lines
on ΣΥ × {0} under the compactification. Within this context, choosing a dif-
ferent topological brane boundary condition amounts to gauging a subset of
lines, resulting in a distinct symmetry; whereas choosing a different physical
boundary condition amounts to picking a different physical theory altogether.
This is the content of the SymTFT proposal. Interestingly, there are typically
different choices of spherical fusion categories which, given appropriate bound-
ary conditions on ΣΥ × {0} and ΣΥ × {1}, result in dual descriptions of the
same 2d symmetric partition function.

How does the procedure sketched above actually produce a partition func-
tion? In order to make the construction more precise, it is convenient to first
invoke topological invariance so as to ‘stretch’ ΣΥ × [0, 1] into ΣΥ × [0, 2];
we then cut ΣΥ × [0, 2] transversely along ΣΥ × {1} so that ΣΥ × [0, 2] ∼=
(ΣΥ × [0, 1]) ∪ΣΥ×{1} (ΣΥ × [1, 2]), and think of ΣΥ × {1} as a ‘gluing’ bound-
ary, i.e. a boundary along which manifolds can be glued. By definition, the
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TQFT assigns a topologically invariant Hilbert space to ΣΥ ×{1} and a topo-
logical state in this Hilbert space to the manifold ΣΥ × [0, 1]. Importantly, the
Hilbert space assigned to ΣΥ × {1} is a subspace of a ‘microscopic’ Hilbert
space HC(ΣΥ). The so-called physical boundary condition actually amounts
to a certain choice of state in HC(ΣΥ). This state can be obtained by impos-
ing another brane boundary condition on Σ × {2} and applying the state-sum
construction to ΣΥ × [1, 2] in the presence of Boltzmann weights that encode
the dynamics of the theory. The inner product between the topological state
associated with ΣΥ × [0, 1] and the (typically not topological) state associated
with ΣΥ × [1, 2] produces the 2d partition function of the symmetric theory.
We schematically depict this construction below1:

where the blobs labelled by θ and ϑ embody the Boltzmann weights encoding
the dynamics of the theory. The same derivation can be repeated in the pres-
ence of a network of topological lines on ΣΥ×{0}. Whenever a non-contractible
network is inserted, a different topological state is obtained, resulting in a par-
tition function in a different topological sector. A basis of topological states
then lifts to a basis of topological sectors. All other things being equal, gaug-
ing via a change of topological brane boundary condition simply amounts to
a change of basis for the invariant Hilbert space assigned by the TQFT to
ΣΥ × {1}. This implies that finding out the topological sectors for which the
partition functions of the initial theory and that resulting from gauging any
subsymmetry can be equated, amounts to working out the corresponding basis

1We duplicated the spacelike surface ΣΥ × {1} for visual clarity, but the inner product is
obtained when identifying both copies of ΣΥ × {1}.
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transformation. These constructions can be made especially explicit invoking
the calculus of topological tensor network states and operators [6,24,70,85,95],
the relation between tensor networks and state sums having been clarified in
Refs. [70,72]. Importantly, the philosophy pursued in this manuscript system-
atically extends to higher dimensions, relying in particular on the correspond-
ing calculus of tensor network states and operators [26,29,96].

We illustrate our construction with finite group generalisations of the
celebrated 2d Ising model. These are naturally realised as boundary theories
of the state-sum TQFT with input datum the spherical fusion category VecG

of G-graded vector spaces for the Dirichlet topological boundary condition.
Importantly, this realisation is by no means unique. In particular, it follows
from electromagnetic duality of the TQFT [5,50] that the same models can
also be realised as boundary theories of the TQFT with input datum the
category Rep(G) of finite-dimensional representations of G for the Neumann
topological boundary condition. One explicitly checks that the resulting par-
tition functions are related by Fourier transform on finite groups, as expected,
using techniques in the same vein as Ref. [12,15,79]. For both formulations,
one explicitly shows that gauging any subsymmetry amounts to changing the
topological boundary condition. More specifically, one relates in the former
formulation such a change to summing over all possible insertions of a collec-
tion of topological lines; one then verifies, using the Fourier transform on finite
groups, that the resulting partition function coincides with that obtained in
the latter formulation. Whenever the whole symmetry is gauged, the partition
functions after Fourier transform recover those of the non-abelian Kramers–
Wannier duals of the generalised Ising models [61,65,84,97], as defined by
Freed and Teleman in Ref. [42] (see also [71]). Addressing the topological sec-
tors allows to equate the partition function of a generalised Ising model with
that of its Kramers–Wannier dual. Along the way, we further comment on con-
structing partition functions of renormalisation group fixed points of gapped
symmetric phases, and their interplay with the generalised Kramers–Wannier
duality.

2. Organisation of the manuscript

We begin in Sect. 3 by reviewing the Kramers–Wannier duality of generalised
Ising models in the abelian case, closely following the exposition in Ref. [42].
Significantly simpler than its non-abelian analogue, we utilise this example to
motivate our construction. In Sect. 4, we review how to construct families of
topological states in the form of tensor networks via the Turaev–Viro–Barrett–
Westbury state-sum construction, and compute the action of topological lines
on such states. In Sect. 5, we extend the state-sum construction so as to define
families of boundary states within the so-called microscopic Hilbert space,
to which the topological states also belong. Partition functions of symmetric
theories are then constructed as inner products between topological states and
boundary states. Specialising to models with invertible symmetries, we explain
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in Sect. 6 how the same theory can be realised as boundary theories of dual
TQFTs. In Sect. 7, we discuss the gauging of subsymmetries and the action of
the resulting topological lines. We bring everything together in Sect. 8 equating
partition functions of generalised Ising models and those of their Kramers–
Wannier duals.

3. Motivation: Abelian Kramers–Wannier Duality

In order to motivate our framework, let us first examine the abelian Kramers–
Wannier of generalised Ising models in close analogy with Ref. [42].

3.1. Partition Function and Topological Lines

Consider an oriented lattice T
2
Υ embedded in the two-torus T

2. We denote by
V(T2

Υ), E(T2
Υ) and P(T2

Υ) the sets of vertices, edges and plaquettes, respec-
tively. Given an abelian group A and a collection θ : E(T2

Υ) → C
A of even

functions θe ≡ θ(e) : A → C, we define a theory on T
2
Υ with ‘Boltzmann

weight’ θ via its partition function2

ZA(T2
Υ; θ) :=

∑

σ∈AV(T2Υ)

∏

e∈E(T2
Υ)

θe
(
σ−1

∂−eσ∂+e

)
, (2.1)

where ∂−e and ∂+e refer to the source and target vertices of e, respectively,
and σv ≡ σ(v). We define a differential on the spaces of A-valued forms on the
lattice

AV(T2
Υ) d(0)

−−→ AE(T2
Υ) d(1)

−−→ AP(T2
Υ) , (2.2)

such that
(d(0)k)e := k−1

∂−ek∂+e and (d(1)a)p :=
∏

e⊂∂p

ae , (2.3)

where
∏

e⊂∂p is over the edges e on the boundary of the plaquette p ∈ P(T2
Υ),

with their orientations assumed to induce that of p. Then, noticing that AV(T2
Υ)

∼= im d(0) × ker d(0), one can rewrite the partition function as ZA(T2
Υ; θ) =

|A|∑a⊆im d(0)

∏
e∈E(T2

Υ) θe(ae).
For any group element x ∈ A, transforming the field σ as σ(v) �→ xσ(v)

for all vertices v ∈ V(T2
Υ) keeps the Boltzmann weights invariant, and thus A

is a global (0-form) symmetry of the theory. Crucially, having a 0-form global
symmetry A implies that the theory can be coupled to a background (1-form)
flat gauge field. Such a gauge field (or connection) is stipulated by a function
a ∈ AE(T2

Υ), the flatness condition imposing that d(1)a = 1, i.e. a belongs to
ker d(1). Coupling the theory to a ∈ ker d(1), the partition function is modified
in the following way:

ZA(T2
Υ; θ)(a) :=

∑

σ∈AV(T2Υ)

∏

e∈E(T2
Υ)

θe
(
aeσ

−1
∂−eσ∂+e

)
. (2.4)

2Notice that we do not impose θ to be positive, so that the resulting theory typically does
not possess a statistical mechanical interpretation. Therefore, in general, θ does not encode
a Boltzmann weight in the strictest sense.
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Given k ∈ AV(T2
Υ), the Boltzmann weights are individually invariant under the

gauge transformation

σv �→ kvσv , ∀ v ∈ V(T2
Υ) ,

ae �→ k∂−eaek
−1
∂+e = ae(d(0)k)e , ∀ e ∈ E(T2

Υ) .
(2.5)

This implies that the partition function ZA(T2
Υ; θ)(a) is invariant under the

gauge transformation a �→ ad(0)k, and the corresponding connections are
gauge equivalent. Putting everything together, this is the statement that the
moduli space of flat connections is given by the cohomology group H1(T2

Υ, A)
:= ker d(1)

im d(0) . Cohomology classes in H1(T2
Υ, A) are labelled by the holonomies of

the connections around the non-contractible 1-cycles of T
2
Υ, i.e. H1(T2

Υ, A) ∼=
Hom(π1(T2), A). But π1(T2) ∼= Z × Z, hence H1(T2

Υ, A) ∼= A × A. In other
words, coupling the theory to flat gauge fields related by gauge transformations
results in physically indistinguishable theories. On the other hand, coupling
the theory to flat gauge fields that are not related by gauge transformations
results in theories that are locally indistinguishable but differ globally. These
theories are said to be in distinct topological sectors with respect to their
global symmetry, which correspond to different points on the moduli space of
flat connections. By convention, we shall refer to the sector corresponding to
(1,1) ∈ A × A as the ‘trivial’ sector, and all other sectors as being ‘twisted’.

With the different topological sectors defined, we observe that the parti-
tion function (2.1) corresponds to the partition function of the theory in the
trivial sector. Starting from the trivial gauge field, consider performing the
following gauge transformation: Let � be a closed contractible loop along the
Poincaré dual T

2
Υ

∨ of T
2
Υ. We define k ∈ AV(T2

Υ) such that k(v) := x ∈ A, for
every vertex v ∈ V(T2

Υ) inside the region Ω� bounded by �, and k(v) := 1, for
every other vertex. Performing the gauge transformation with gauge parame-
ters k on the trivial gauge field results in a ∈ AE(T2

Υ) such that

a(e) =

⎧
⎨

⎩

x if ι(e) ⊂ �
x−1 if ι(−e) ⊂ �
1 otherwise

, (2.6)

for every oriented edge e ∈ E(T2
Υ), where ι : E(T2

Υ) ∼−→ E(T2
Υ

∨). By construc-
tion, the information of the gauge field a is encoded into the defect line labelled
by x ∈ A with support �. Crucially, this defect line is topological as any contin-
uous deformation of � amounts to performing a specific gauge transformation.
Within this context, the contractability of � implies that the gauge field a is
still in the trivial sector. In standard gauge theoretic language, such topologi-
cal one-codimensional defects along the dual lattice are referred to as ’t Hooft
lines, since crossing them along the primal lattice causes a shift of holonomies.
Generic gauge transformations would then result in a network of topological
lines, in such a way that the oriented product of group elements labelling lines
meeting at a given junction must vanish, thereby encoding the flatness of the
corresponding gauge field.
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More generally, the various topological sectors of the theory are obtained
as follows: Let (h1, h2) ∈ Hom(π1(T2), A). A representative of the correspond-
ing cohomology class in H1(T2

Υ, A) can easily be obtained by imposing that a
given gauge field in AE(T2

Υ) has the correct holonomies. Consider two inequiv-
alent non-contractible 1-cycles (γ1, γ2) along the one-skeleton of the Poincaré
dual of T

2
Υ. These two cycles are taken to be the supports of two topological

lines labelled by h1 and h2, respectively. One then defines the representative
gauge field a(h1, h2) as

a(h1, h2)e =

⎧
⎨

⎩

hi if ι(e) ⊂ γi

h−1
i if ι(−e) ⊂ γi

1 otherwise
, (2.7)

for every oriented edge e ∈ E(T2
Υ). Any other representative is related to

this one via gauge transformation, and as such one can unambiguously de-
fine ZA(T2

Υ; θ)(h1, h2) := ZA(T2
Υ; θ)(a(h1, h2)). Bringing everything together

recovers the notion that the theory assigns to the symmetry a collection of
one-dimensional topological lines in A, and that the different sectors are ac-
cessed by inserting topological lines along the non-contractible cycles of the
Poincaré dual of T

2
Υ.

3.2. Quantum Double Model

The main feature of the partition function (2.1) that motivates the present
work is that it can be rewritten as the inner product between a topological
state and a product state. Specifically, the topological state is found to be one
of the ground states of a finite abelian group generalisation of the celebrated
(2+1)d toric code [57], which is a prototypical example of a physical system
exhibiting topological order [98]. These finite group generalisations, which are
typically referred to quantum double models, can be formulated as Hamiltonian
realisations of 3d BF theory or equivalently untwisted 3d Dijkgraaf–Witten
theory [31]. In finite volume, we distinguish |A×A| such ground states spanning
a subspace of the microscopic Hilbert space

⊗
e∈E(T2

Υ) C[A]. Writing C[A] =
Span

C
{|a〉 | a ∈ A} such that 〈a1|a2〉 = |A|δa1,a2 , one particular normalised

ground state reads

|T2
Υ, A〉 := |A|− |V(T2Υ)|+|E(T2Υ)|+1

2

∑

σ∈AV(T2Υ)

⊗

e∈E(T2
Υ)

|σ−1
∂−eσ∂+e〉 . (2.8)

Let us now define the product state. Given a function θe : A → C, we write
|θe〉 := 1

|A|
∑

a∈A θe(a)|a〉 ∈ C[A] so that 〈a|θe〉 = θe(a). We then construct the
following product state in

⊗
e∈E(T2

Υ) C[A] containing the information of the
Boltzmann weights:

|T2
Υ; θ〉 := |A| |V(T2Υ)|+|E(T2Υ)|+1

2

⊗

e∈E(T2
Υ)

|θe〉 . (2.9)
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By inspection, one finally finds that

ZA(T2
Υ; θ) = 〈T2

Υ, A | T2
Υ; θ〉 , (2.10)

as desired. In the following, we shall refer to such a construction as the realisa-
tion of the 2d symmetric theory as a boundary theory of a (2+1)d topological
field theory. As commented above, we chose one particular topological state in
order to recover the partition function in the trivial topological sector. What
about the other ground states? These are obtained by acting with operators
that amounts to nucleating pairs of dual magnetic excitations, moving one of
the excitations along a non-contractible cycle, and annihilating them back. It
follows from topological invariance that any continuous deformations of the
paths followed by such excitations yield the same ground state. The results
are states of the form

|T2
Υ, A, (h1, h2)〉 := |A|− |V(T2Υ)|+|E(T2Υ)|+1

2

∑

σ∈AV(T2Υ)

⊗

e∈E(T2
Υ)

|a(h1, h2)e σ−1
∂−eσ∂+e〉 ,

(2.11)
where a(h1, h2)e is defined in Eq. (2.7). It readily follows from the definitions
that

ZA(T2
Υ; θ)(h1, h2) = 〈T2

Υ, A, (h1, h2) | T2
Υ; θ〉 . (2.12)

This is merely the statement that the moduli space of flat connections is iso-
morphic to the ground state subspace of the (2+1)d topological model. More
generally, the implications of the above expression is that all the symmetry
aspects of our 2d theory can be understood in terms of the (2+1)d topolog-
ical model. Although the benefits of such an expression are marginal in the
abelian case, it turns out to be a precious tool when dealing with more intricate
symmetry structures.

In general, making full use of an expression such as (2.10) for a given
partition function will require a specific parametrisation of topological states
in terms of tensor networks. Specifically, in order to realise the ground state
|T2

Υ, A〉 as a tensor network, one requires two types of rank-(p + q) tensors in
C[A]⊗p → C[A]⊗q. The first one is given by

∑
{ai}i

(∏p+q−1
i=1 δai,ai+1

)⊗p+q
i=p+1 |

ai〉
⊗p

j=1〈aj |, and the second one by
∑

{ai}i
δ∏p+q

i=p+1 ai,
∏p

j=1 aj

⊗p+q
i=p+1 |ai〉

⊗p
j=1

〈aj |. As customary with tensor networks, let us introduce a graphical notation
for these two types of tensors3:

3Whenever considering more delicate operations or going beyond finite groups, a more so-
phisticated graphical calculus needs to be employed (c.f. Sect. 4.3).
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≡
∑

{ai}p+q
i=1

ap+q

ap+2

ap+1

ap

a2

a1

p+q⊗

i=p+1

|ai〉
p⊗

j=1

〈aj |

≡
∑

{ai}p+q
i=1

( p+q−1∏

i=1

δai,ai+1

) p+q⊗

i=p+1

|ai〉
p⊗

j=1

〈aj | ,

≡
∑

{ai}p+q
i=1

ap+q

ap+2

ap+1

ap

a2

a1

p+q⊗

i=p+1

|ai〉
p⊗

j=1

〈aj |

≡
∑

{ai}p+q
i=1

δ∏p+q
i=p+1 ai,

∏p
j=1 aj

p+q⊗

i=p+1

|ai〉
p⊗

j=1

〈aj | .

In order to construct the state |T2
Υ, A〉 it suffices to assign a rank-(p + q)

‘black’ tensor to every (p+q)-valent vertex v ∈ V(T2
Υ) such that the orientation

of the indices is backwards compared to those of the incident edges, a rank-3
‘white’ tensor to every oriented edge e ∈ E(T2

Υ), and contract neighbouring
tensors according to the pattern dictated by T

2
Υ. Supposing for simplicity that

T
2
Υ is the hexagonal lattice, one obtains a tensor network of the form

, (2.13)

where we notice that some indices are left uncontracted so that the resulting
tensor network belongs to

⊗
e∈E(T2

Υ) C[A], as desired. One should think of the
black tensors as performing the summation over configuration variables as-
signed to the vertices, whereas the white tensors encode the nearest-neighbour
interactions. One can readily check that up to normalisation this state repro-
duces |T2

Υ, A〉. This parametrisation gives a unique perspective on the topolog-
ical lines in A. Indeed, the operation of coupling a topological line labelled by
x ∈ A and supported on the dual lattice can now be performed in the following
way:
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x

,
x ≡

∑

a∈A

|xa〉〈a| .

(2.14)

The definitions of the various tensors guarantee that such a line is indeed
topological and lifts to ’t Hooft lines, i.e. it amounts to inserting the gauge
field defined in Eq. (2.7).4 Although this approach is hardly beneficial in the
finite abelian group case, it greatly simplifies defining the action of topological
lines in the general case.

3.3. Dynamical Gauge Fields

By summing over background connections in Eq. (2.4), one promotes the gauge
field to be dynamical, resulting in the partition function of the theory where
the symmetry is gauged5:

Z̃Â(T2
Υ; θ) :=

1
| ker d(1)|

∑

a∈ker d(1)

ZA(T2
Υ; θ)(a)

=
1

| ker d(1)|
∑

σ∈AV(T2Υ)

∑

a∈ker d(1)

∏

e∈E(T2
Υ)

θe
(
ae (d(0)σ−1)e

)
.

(2.15)

Performing the shift of summation variable a �→ ad(0)σ, one obtains

Z̃Â(T2
Υ; θ) =

|AV(T2
Υ)|

| ker d(1)|
∑

a∈ker d(1)

∏

e∈E(T2
Υ)

θe
(
ae

)
. (2.16)

Since AV(T2
Υ) ∼= im d(0) × ker d(0), | ker d(0)| = |A| and | ker d(1)|

|im d(0)| = |A| × |A|, one
finally finds that

Z̃Â(T2
Υ; θ) =

1
|A|

∑

a∈ker d(1)

∏

e∈E(T2
Υ)

θe
(
ae

)
. (2.17)

Invoking ZA(T2
Υ; θ) = |A|∑a∈im d(0)

∏
e∈E(T2

Υ) θe(ae) and decomposing the sum
over a ∈ ker d(1) into a sum over holonomies (h1, h2) ∈ A × A and a sum over

4In the terminology of the introduction, this line lives on a topological brane boundary, and
the ‘physical’ topological line defined previously is its image under the identification (2.12).
5 We are using Z̃ for the partition function of theory resulting from gauging the symmetry

A, and the use of Â foreshadows the appearance of a new global symmetry, as clarified
below.
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gauge transformations in im d(0), one immediately finds the following relation6:

Z̃Â(T2
Υ; θ) =

1
|A|2

∑

h1,h2∈A

ZA(T2
Υ; θ)(h1, h2) . (2.18)

When gauging the symmetry A in Eq. (2.15), one summed over all gauge fields
indiscriminately, resulting in a gauge invariant measure over the space of gauge
fields. However, this measure is by no means unique. In particular, the sum can
be weighted by any functional on the moduli space, the space of functionals
being spanned by characters (χ1, χ2) : A × A → C

×. As a consequence, the
most general partition function for the theory after gauging is of the form

Z̃Â(T2
Υ; θ)(χ1, χ2) :=

1
|A|2

∑

h1,h2∈A

χ1(h1)χ2(h2)ZA(T2
Υ; θ)(h1, h2)

=
1

|A|
∑

a ker d(1)

χ1

( ∏

e⊂γ∨
1

ae

)
χ2

( ∏

e⊂γ∨
2

ae

) ∏

e∈E(T2
Υ)

θe(ae) ,

(2.19)

which we recognise as the Fourier transform of the partition function ZA(T2
Υ;

θ) : A×A → C. While ZA(T2
Υ; θ) is a function on the moduli space H1(T2

Υ, A)
of flat A-connections, Z̃Â(T2

Υ; θ) is a function of the moduli space H1(T2
Υ, Â)

of flat Â-connections, where Â = Hom(A, C×) is the Pontrjagin dual of A.
This implies that after gauging the symmetry A, the resulting theory ac-
quires a dual symmetry Â, and Z̃Â(T2

Υ; θ)(χ1, χ2) precisely corresponds to
the partition function in the twisted topological sector (χ1, χ2) ∈ Â × Â. In
terms of Eq. (2.17), the corresponding topological lines are supported on non-
contractible cycles (γ∨

1 , γ∨
2 ) along T

2
Υ, respectively, and act by modifying the

Boltzmann weights θe as θe ·χi if e ⊂ γ∨
i and θe ·χ∨

i if −e ⊂ γ∨
i , with i ∈ {1, 2},

for every e ∈ E(T2
Υ

∨). More general topological lines supported on arbitrary
closed loops act analogously. In standard gauge theoretic language, these are
referred to as Wilson lines.

As before, the partition function Z̃Â(T2
Υ; θ) can be rewritten as an inner

product between a topological state and a product state. While the product
state is the same as before, namely |T2

Υ; θ〉, the topological state is now given
by

˜|T2
Υ, A〉 := |A|− |V(T2Υ)|+|E(T2Υ)|+3

2

∑

a∈ker d(1)

⊗

e∈E(T2
Υ)

|ae〉 (2.20)

so that Z̃Â(T2
Υ; θ) = ˜〈T2

Υ, A | T2
Υ; θ〉. Importantly, ˜|T2

Υ, A〉 is still in the state
space spanned by states |T2

Υ, A, (h1, h2)〉 over (h1, h2) ∈ A × A. Indeed, one
can check that

˜|T2
Υ, A〉 =

1
|A|2

∑

h1,h2∈A

|T2
Υ, A, (h1, h2)〉 , (2.21)

6On a simply connected surface Σ, where there is a unique topological sector, one rather

has ZÂ(ΣΥ; θ) = ZA(ΣΥ; θ).
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as expected. More generally, we can construct a different basis of the same
state space that is spanned by vectors

˜|T2
Υ, A,(χ1, χ2)〉 :=

1
|A|2

∑

h1,h2∈A

χ∨
1 (h1)χ∨

2 (h2) |T2
Υ, A, (h1, h2)〉 , (2.22)

over (χ1, χ2) ∈ Â×Â. One can verify that Z̃Â(T2
Υ; θ)(χ1, χ2) = ˜〈T2

Υ, A,(χ1, χ2) |
T

2
Υ; θ〉. As expected, these new basis vectors also admit a tensor network

parametrisation. In order to construct ˜|T2
Υ, A〉, it suffices to assign a rank-

(p+q) ‘white’ tensor to every (p+q)-valent vertex v ∈ V(T2
Υ

∨) of the Poincaré
dual of T

2
Υ, a rank-3 ‘black’ tensor to every oriented edge e ∈ E(T2

Υ
∨), and

contract neighbouring tensors according to the pattern dictated by T
2
Υ

∨. As
earlier, supposing for simplicity that T

2
Υ is the hexagonal lattice, one obtain a

tensor network of the form

, (2.23)

where the dotted lines here represent the primal lattice T
2
Υ. These deriva-

tions thus relate the notion of gauging to the existence of distinct tensor net-
work parametrisations of the same family of topological states [29,70,96]. In
Sect. 4.3, we will trace back the origin of these distinct parametrisations to
a choice of topological brane boundary condition. As for the original theory,
this gives us access to a different implementation of topological lines, which
are now labelled by characters χ ∈ Â:

χ

,
χ ≡

∑

a∈A

χ(a) |a〉〈a| .

(2.24)

It follows from the definitions of the various tensors that these lines are
indeed topological and lift to Wilson lines as previously defined.7

7As for the initial theory, we should think of these lines as living on a brane boundary that
is imposed to be topological. Previously, the choice of boundary condition was Dirichlet,
while after gauging it is Neumann. One can then understand the swap of topological lines
operated upon gauging as the statement that amongst the bulk topological lines of 3d BF
theory, only ‘t Hooft or Wilson lines survive on a Dirichlet or Neumann topological boundary,
respectively.
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3.4. Fourier Transform on Finite Abelian Groups

So far, we have only considered partition functions whose configuration vari-
ables are valued in the abelian group A. Given that the theory after gauging
admits topological lines valued in Â, one would expect an alternative formu-
lation where configuration variables are also valued in Â. Starting from the
partition function of the theory in the topological sector (h1, h2) ∈ A×A, per-
forming an inverse Fourier transform of all the Boltzmann weights θe : A → C

yields

ZA(T2
Υ; θ)(h1, h2) =

∑

χ∈ÂE(T2Υ)

∑

σ∈AV(T2Υ)

∏

e∈E(T2
Υ)

θ∨
e (χe)χ∨

e

(
a(h1, h2)e σ−1

∂−eσ∂+e

)
.

(2.25)
After using the fact that χe : A → C

× are group homomorphisms, we can
reorganise the product over edges so as to obtain

ZA(T2
Υ; θ)(h1, h2) =

∑

χ∈ÂE(T2Υ)

( ∏

e∈E(T2
Υ)

θ∨
e (χe)χ∨

e

(
a(h1, h2

)
e
)
)

∏

v∈V(T2
Υ)

∑

σv∈A

(∏

e←v

χe(σv)
)(∏

e→v

χ∨
e (σv)

)
,

(2.26)

where the products
∏

e←v and
∏

e→v are over edges e ∈ E(T2
Υ) such that ∂−e =

v and ∂+e = v, respectively. Using the property χ1(σ)χ2(σ) = (χ1 · χ2)(σ),
together with the fact that

∑
a∈A χ(a) = δ1,χ|A| for any χ ∈ Â, the previous

expression simplifies:

ZA(T2
Υ; θ)(h1, h2)

= |A||V(T2
Υ)| ∑

χ∈ÂE(T2Υ)

( ∏

e∈E(T2
Υ)

θ∨
e (χe)χ∨

e

(
a(h1, h2

)
e
)
) ∏

v∈V(T2
Υ)

δ1,χv ,

(2.27)

where χv :=
∏

e←v χe

∏
e→v χ∨

e . At this stage, it is convenient to rewrite the
partition function in terms of T

2
Υ

∨:

ZA(T2
Υ; θ)(h1, h2) = |Â||P(T2

Υ
∨
)| ∑

χ∈ÂE(T2Υ
∨)

( ∏

e∈E(T2
Υ

∨)

θ∨
e (χe)χ∨

e

(
(ι−1)∗a(h1, h2)e

))

∏

p∈P(T2
Υ

∨)

δ1,(d(1)χ∨)p
,

(2.28)

where we recall that ι : E(T2
Υ) ∼−→ E(T2

Υ
∨). Specifically, in the notation of

Sect. 3.1, one has

(ι−1)∗a(h1, h2)e =

⎧
⎨

⎩

hi if e ⊂ γi

h−1
i if − e ⊂ γi

1 otherwise
, (2.29)
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for any e ∈ E(T2
Υ

∨), which allows to simplify the factor
∏

e∈E(T2
Υ

∨) χ∨
e

(
(ι−1)∗

a(h1, h2)e
)
.

Let us suppose for now that (h1, h2) = (1,1). Comparing with Eq. (2.17),
we recognise the partition function of a model on the oriented lattice T

2
Υ

∨

with Boltzmann weights θ∨ ∈ AE(T2
Υ

∨
) whose symmetry Â has been gauged.

Specifically, in the notation of Eq. (2.10), we have the following equality8

ZA(T2
Υ; θ) = 〈T2

Υ, A | T2
Υ; θ〉 = |Â||P(T2

Υ
∨
)|+1 ˜〈T2

Υ
∨
,Â | T2

Υ
∨
; θ∨〉 . (2.30)

This is consistent with the fact that gauging a symmetry Â results in a theory

with a symmetry A. In particular, the topological state ˜|T2
Υ

∨
,Â〉, which belongs

to a subspace of
⊗

e∈E(T2
Υ

∨) C[Â], can be conveniently parametrised as a tensor
network of the form (2.23), where black and white tensors have been swapped.
Indeed, as a function χ : A → C

×, we have |χ〉 = 1/|A|∑a∈A χ(a)|a〉 ∈ C[A],
and conversely |a〉 =

∑
χ∈Â χ∨(a)|χ〉, which one can interpret as a vector in

C[Â] ∼= Span
C
{|χ〉 |χ ∈ Â}. It follows that the white tensors

=
∑

{ai}p+q
i=1

∑

{χj}p+q
j=1

δ∏p
j=1 aj

∏p+q−1
i=p+1 a−1

i ,ap+q

( p+q∏

i=p+1

χi(ai)

)( p∏

j=1

χ∨
j (aj)

)

p+q⊗

i=p+1

|χi〉
p⊗

j=1

〈χj |

=
∑

{ai}p+q−1
i=1

∑

{χj}p+q
j=1

( p+q−1∏

i=p+1

χi(ai)χ
∨
i (ai)

)( p∏

j=1

χ∨
j (aj)χj(aj)

)

p+q⊗

i=p+1

|χi〉
p⊗

j=1

〈χj |

= |A|p+q−1
∑

{χi}p+q
i=1

( p+q−1∏

i=1

δχi,χi+1

) p+q⊗

i=p+1

|χi〉
p⊗

j=1

〈χj |

behave as black tensors when treated as maps C[Â]⊗p → C[Â]⊗q, and vice
versa. Moreover, it follows from previous derivations that

˜|T2
Υ

∨
,Â〉 =

1

|Â|2
∑

χ1,χ2∈Â

|T2
Υ

∨
, Â, (χ1, χ2)〉 , (2.31)

where |T2
Υ

∨
, Â, (χ1, χ2)〉 can be parametrised as a tensor network of the form

(2.13), where black and white tensors have also been swapped, with topological
lines (χ1, χ2) ∈ Â × Â inserted along their respective non-contractible cycles.

8On a simply connected lattice ΣΥ, one would have instead 〈ΣΥ, A | ΣΥ; θ〉 =

|Â :||P(Σ∨
Υ)|−1 〈̃Σ∨

Υ,Â | Σ∨
Υ; θ∨〉.
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Let us now go back to the case of an arbitrary topological sector (h1, h2) ∈
A × A. We have the following equality:

ZA(T2
Υ; θ)(h1, h2) = 〈T2

Υ, A, (h1, h2) | T2
Υ; θ〉

= |Â||P(T2
Υ

∨
)|+1 ˜〈T2

Υ
∨
,Â, (h1, h2) | T2

Υ
∨
; θ∨〉 . (2.32)

where
˜|T2

Υ
∨
,Â, (h1, h2)〉 =

1

|Â|2
∑

χ1,χ2∈Â

χ1(h1)χ2(h2) |T2
Υ

∨
, Â, (χ1, χ2)〉 . (2.33)

In words, a A-symmetric theory on T
2
Υ with Boltzmann weights θ in the topo-

logical sector (h1, h2) is completely equivalent to the theory obtained after
gauging the symmetry of an Â-symmetric theory on T

2
Υ

∨ with Boltzmann θ∨,
where the gauging is performed via Fourier transform over the moduli space
H1(T2

Υ
∨
, Â) of flat Â-connections with respect to the measure provided by

(h1, h2) : Â × Â → C
×.

3.5. Abelian Kramers–Wannier Duality

Starting from a theory with configuration variables valued in A and symmetry
A, we have considered two distinct operations: gauging the symmetry A and
performing a Fourier transform on A of the Boltzmann weights. Combining
both operations relates theories with Pontrjagin dual symmetries, placed on
Poincaré dual lattices, and with Boltzmann weights that are related by Fourier
transform. We refer to this combination as a Kramers–Wannier duality. As
commented above, distinct moduli spaces organise the topological sectors be-
fore and after gauging the symmetry, so that equating partition functions of
Kramers–Wannier dual theories requires matching the topological sectors. To
do so, it is convenient to find a common parametrisation for topological sectors
before and after gauging. The group A × Â naturally provides this common
parametrisation. Given a pair (h1, χ1) ∈ A × Â, define

|T2
Υ, A, (h1, χ1)〉
:=

1
|A|

∑

h2∈A

χ∨
1 (h2)|T2

Υ, A, (h1, h2)〉

= |A|− |V(T2Υ)|+|E(T2Υ)|+3
2

∑

h2∈A

∑

σ∈AV(T2Υ)

χ∨
1 (h2)

⊗

e∈E(T2
Υ)

|a(h1, h2)e σ−1
∂−eσ∂+e〉

(2.34)
and

˜|T2
Υ, A, (h1, χ1)〉
:=

∑

χ2∈Â

χ2(h1) ˜|T2
Υ, A, (χ2, χ1)〉

= |A|−
|V(T2Υ)|+|E(T2Υ)|+3

2
∑

χ2∈Â

∑

a∈ker d(1)

χ∨
2

(
h−1

1

∏

e⊂γ∨
1

ae

)
χ∨

1

( ∏

e⊂γ∨
2

ae

) ⊗

e∈E(T2
Υ)

|ae〉 .

(2.35)



C. Delcamp, N. Ishtiaque Ann. Henri Poincaré

One can confirm that these topological states are indeed equal, i.e. |T2
Υ, A, (h, χ)〉

= ˜|T2
Υ, A,(h, χ)〉, for any (h, χ) ∈ A× Â, yielding the following equality of par-

tition functions before and after gauging the symmetry A:

〈T2
Υ, A, (h, χ) | T2

Υ; θ〉 = ˜〈T2
Υ, A, (h, χ) | T2

Υ; θ〉 . (2.36)

Subsequently performing a Fourier transform of the Boltzmann weights finally
yields9

ZA(T2
Υ; θ)(h, χ) = 〈T2

Υ, A, (h, χ) | T2
Υ; θ〉

= |Â||P(T2
Υ

∨
)|+1〈T2

Υ
∨
, Â, (h, χ) | T2

Υ
∨
; θ∨〉

= |Â||P(T2
Υ

∨
)|+1ZÂ(T2

Υ
∨
; θ∨)(h, χ) . (2.37)

A particularly interesting scenario is whenever the theory is self-dual under
Kramers–Wannier. Let us briefly review the case of the usual Ising model. Let
Σ be a two-dimensional connected and simply connected surface, ΣΥ a lattice
embedded in Σ, A = Z/2Z � {+1,−1} and θe ≡ θβ : ±1 �→ e±β , for every
e ∈ E(ΣΥ), where β ∈ R is the inverse temperature. The Fourier transform of
the Boltzmann weights explicitly reads

(θβ)∨(±1) = θβ(+1) ± θβ(−1) =

√
sinh 2β

2
e∓ 1

2 log tanh β ≡
√

sinh 2β
2

θβ∨
(±1) ,

(2.38)
where β∨ := − 1

2 log tanhβ satisfies sinh(2β) sinh(2β∨) = 1. It follows that
Eq. (2.37) specialises to

2|P(ΣΥ)|/2

(sinh 2β)|E(ΣΥ)|/4
ZZ/2Z(ΣΥ; θβ) =

2|P(Σ∨
Υ)|/2

(sinh 2β∨)|E(Σ∨
Υ)|/4

ZZ/2Z(Σ∨
Υ; θβ∨

) .

(2.39)
Whenever the lattice ΣΥ is itself self-dual, one can exploit this identity to
extract the critical temperature of the model. Specifically, under the assump-
tion that there is a single critical point separating high and low temperature
phases, the inverse critical temperature βc is such that β∨

c = βc [65]. The sim-
ple connectedness of the lattice as a prerequisite for the self-duality was already
pointed out in Ref. [63], where gauging abelian symmetry was interpreted as
a T-duality.

As we move from symmetry structures encoded into finite abelian groups
to finite non-abelian groups, or even higher mathematical structures, it be-
comes exceedingly difficult to compute and compare partition functions of
theories related by generalised gauging procedures and Fourier transform oper-
ations. In the remainder of this manuscript, we discuss a framework facilitating
these tasks, which generalises that sketched in this section

9On a simply connected lattice ΣΥ, this equality becomes ZA(ΣΥ; θ) = |Â||P(Σ∨
Υ)|−1

ZÂ(Σ∨
Υ; θ∨).
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4. Topological States

We begin our demonstration by introducing families of topological states on the
lattice that are parameterised by topological boundary conditions for various
input spherical fusion categories. We also introduce corresponding families of
topological lines.

4.1. Gluing Boundaries

In [4], Atiyah axiomatised a d-dimensional TQFT as a symmetric monoidal
functor Z : Bordd → Vec, where Bordd is the symmetric monoidal category
whose (1-)morphisms are equivalence classes of oriented cobordisms between
closed 1-codimensional manifolds and Vec is the symmetric monoidal category
of (complex) vector spaces and linear maps. Concretely, this means that a
TQFT Z is specified by a choice of vector space Z(Σ) to every oriented closed
1-codimensional manifold Σ, a choice of linear map Z(Σ) → Z(Σ′) to every
cobordism Σ → Σ′, as well as isomorphisms Z(∅) ∼= C and Z(Σ 
 Σ′) ∼=
Z(Σ) ⊗C Z(Σ)′, which are compatible with the associativity of the monoidal
structures as well as the braidings. In particular, Z assigns a vector in Z(Σ)
to every d-dimensional manifold bounded by Σ by treating it as a cobordism
∅ → Σ. Furthermore, functoriality of Z implies that Z(Σ × [0, 1]) = 1Z(Σ),
where Σ × [0, 1] is here interpreted as a cobordism Σ → Σ, and Z(Σ → Σ′ ∪Σ′

Σ′ → Σ′′) = Z(Σ → Σ′)◦Z(Σ′ → Σ′′). Henceforth, we refer to such boundaries
along which manifolds can be glued as gluing boundaries.

In three dimensions, the Turaev–Viro–Barrett–Westbury construction
produces a state-sum TQFT ZC given the data of a spherical fusion category
C [20,90]. Given a choice of C—in our exposition, it will typically either be
the category VecG of G-graded vector spaces or the category Rep(G) of finite-
dimensional representations of G, where G is a (possibly non-abelian) finite
group—we are interested in particular collections of basis states in the vector
space ZC(Σ) assigned by ZC to a two-dimensional surface Σ. We shall obtain
these basis states as the vectors assigned by ZC to specific cobordisms of the
form C → Σ. Physically, these correspond to ground states of the Hamiltonian
realisation of ZC on the gluing boundary Σ. More concretely, to every cell de-
composition ΣΥ of Σ, one can associate a microscopic Hilbert space HC(ΣΥ).
Denoting by ΣI

Υ a cell decomposition of the cobordism ΣI ≡ Σ × [0, 1] such
that ∂ΣI

Υ = ΣΥ 
 ΣΥ, we have ZC(ΣI

Υ) : HC(ΣΥ) → HC(ΣΥ). It follows from
ΣI

Υ ∪ΣΥ ΣI

Υ being diffeomorphic to ΣI

Υ that ZC(ΣI

Υ) is a projector and we
denote by ZC(ΣΥ) its image, i.e. ZC(ΣΥ) := Im ZC(ΣI

Υ) ⊆ HC(ΣΥ). Moreover,
given two cellular decompositions ΣΥ and ΣΥ′ of Σ, let ΥΞΥ′ be the cellular
decomposition of a pinched interval cobordism such that ∂ΥΞΥ′ = ΞΥ∪∂ΞΥΞΥ′

with ∂ΞΥ = ∂ΞΥ′ , where ΞΥ ⊆ ΣΥ and ΞΥ′ ⊆ ΣΥ′ . Naturally, such a cobor-
dism defines a map ZC(ΥΞΥ′) : HC(ΣΥ) → HC(ΣΥ′), which in turn produces
an isomorphism ZC(ΥΞΥ′) : ZC(ΣΥ) ∼−→ ZC(ΣΥ′). It follows that Z assigns the
same vector space, up to isomorphisms, to every cell decomposition ΣΥ of Σ,
and we call ZC(Σ) this vector space.
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Ultimately, we are interested in deriving basis states in ZC(ΣΥ) ∼= ZC(Σ)
for various cell decompositions ΣΥ of the gluing boundary Σ. Instead of strictly
following the steps outlined above, we shall immediately evaluate the partition
function on specific cobordisms of the form C → Σ. But first, we need to review
the explicit definition of the microscopic Hilbert space HC(ΣΥ) ⊇ ZC(ΣΥ). Let
C be a spherical fusion category over the ground field C. Representatives of
the finitely many isomorphism classes of simple objects in C are denoted by
X1,X2, . . . ∈ IC and the corresponding quantum dimensions by dX1 , dX2 , . . . ∈
C. In practice, we shall typically conflate isomorphism classes of simple objects
and the corresponding representatives. The monoidal structure of C is notated
as (⊗,1, F ) where ⊗ : C × C → C is the monoidal product, 1 the unit object
satisfying End(1) ∼= C, and F : (−⊗−)⊗− ∼−→ −⊗(−⊗−) the monoidal asso-
ciator. Introducing the notation CX1X2

X3
:= HomC(X1 ⊗X2,X3) � |X1X2X3, i〉,

we have X1⊗X2
∼=⊕X3

dX1X2
X3

X3 with dX1X2
X3

:= dimC CX1X2
X3

and components
FX1X2X3 of the monoidal associator boil down to matrices

FX1X2X3
X4

:
⊕

X5

CX1X2
X5

⊗ CX5X3
X4

∼−→
⊕

X6

CX1X6
X4

⊗ CX2X3
X6

. (3.1)

These matrices can be depicted in terms of string diagrams as10

i

j
X5

X1 X2 X3

X4

=
∑

X6

∑

k,l

(
FX1X2X3

X4

)X6,kl

X5,ij l

k

X6

X1 X2 X3

X4

, (3.2)

where i, j, k and l label basis vectors |X1X2X5, i〉 ∈ CX1X2
X5

, |X5X3X4, j〉 ∈
CX5X3

X4
, |X2X3X6, k〉 ∈ CX2X3

X6
and |X1X6X4, l〉 ∈ CX1X6

X4
, respectively. We shall

refer to the entries of these matrices as F -symbols. Whenever C is chosen to be
Rep(G), these coincide with the ordinary 6j-symbols. Unless otherwise speci-
fied, we work with basis vectors obeying the following diagrammatic property:

i

j

X′
3

X3

X1 X2 = δi,jδX3,X′
3

√
dX1dX2

dX3

X3

, (3.3)

which implies in particular the following normalisation conditions:

10By convention, we choose strings in string diagrams to be always implicitly oriented from
top to bottom.
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〈X1X2X3, j|X1X2X3, i〉 ≡
i

j

X3

X3

X1 X2 = δi,j

√
dX1dX2dX3 . (3.4)

Following Ref. [56], given simple objects X1,X2, . . . , XN in C, where N ∈
N is arbitrary, consider the following vector space

HomC(1,X1 ⊗ X2 ⊗ · · · ⊗ XN ) . (3.5)

The pivotal structure of C produces isomorphisms

HomC(1,X1 ⊗ · · · ⊗ XN ) ∼= HomC(X∨
1 ,X2 ⊗ · · · XN )

∼= HomC(1,X2 ⊗ · · · ⊗ XN ⊗ X1) , (3.6)

where X∨ is the object dual to X. This implies that the vector space (3.5)
only depends on the cyclic ordering of the simple objects X1, . . . , XN up to
canonical isomorphisms. As a rigid category, C is equipped with evaluation and
coevaluation morphisms

evX : X∨ ⊗ X → 1 , coevX : 1 → X∨ ⊗ X , (3.7)

which gives rise to tensor contraction maps of the form

HomC(1,X1 ⊗ · · · ⊗ XN ⊗ Z∨) ⊗ HomC(1, Z ⊗ Y1 ⊗ · · · ⊗ YN ′) (3.8)
evZ−−→ HomC(1,X1 ⊗ · · · ⊗ XN ⊗ Y1 ⊗ · · · ⊗ YN ′) (3.9)

inducing in particular a non-degenerate pairing

HomC(1,X∨
N ⊗ · · · ⊗ X∨

1 ) ⊗ HomC(1,X1 ⊗ · · · ⊗ XN ) → EndC(1) ∼= C

(3.10)

for any simple objects X1, . . . , XN in C, and thus isomorphisms of the form

HomC(1,X∨
N ⊗ · · · ⊗ X∨

1 ) ∼= HomC(1,X1 ⊗ · · · ⊗ XN )∨ . (3.11)

Given the cell decomposition ΣΥ of an oriented two-dimensional surface Σ,
we denote by V(ΣΥ) � v and E(ΣΥ) � e the set of oriented vertices and
edges of ΣΥ such that −e denotes the edge e with opposite orientation. We
define a C-labelling of the edges of ΣΥ as a map X : E(ΣΥ) → IC such that
X(−e) = X(e)∨. Moreover, two labellings X and X′ are defined to be equivalent
whenever X(e) ∼= X′(e) for every e ∈ E(ΣΥ). The microscopic space HC(ΣΥ)
associated with ΣΥ is then taken to be

HC(ΣΥ) ≡
⊕

[X]

H(ΣΥ,X) ∼=
⊕

[X]

⊗

v∈V(ΣΥ)

HomC
(
1,
⊗

e⊃v

X(e)
)
, (3.12)

where the direct sum
⊕

[X] is over equivalences classes of C-labellings, and the
tensor product

⊗
e⊃v is over edges incident to v ordered counterclockwise and

assumed to be oriented in the outward direction. Of course, given a generic
vertex v ∈ V[ΣΥ], some edges e ⊃ v incident to it would be oriented in the
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inward direction and others in the outward direction, in which case the local
vector space HomC

(
1,
⊗

e⊃v X(e)
)

would involve dual simple objects.
Given a state in HC(ΣΥ) that has a non-zero overlap with the subspace

ZC(ΣΥ) ⊆ HC(ΣΥ), one can obtain a state in ZC(ΣΥ) by applying the ground
state projector ZC(ΣI

Υ) to it. Instead, one will directly compute the linear map
ZC(∅ → ΣΥ) : C → ZC(ΣI

Υ) assigned by ZC to cell decompositions ∅ → ΣΥ

of specific cobordisms of the form ∅ → Σ so that ZC(∅ → ΣΥ)(1) ∈ ZC(ΣΥ).
But in order to introduce the family of cobordisms we are interested in, one
requires another type of boundaries.

4.2. Brane Boundaries

We described above the concept of gluing boundary. This is the type of bound-
ary that appears when cutting manifolds into pieces; or conversely, the type
of (parametrised) boundary along which cobordisms are glued via choices of
gluing maps. Furthermore, we explained how to compute the vector space a
Turaev–Viro–Barrett–Westbury theory assigns to such a gluing boundary via
the introduction of a cell decomposition. We shall now introduce the con-
cept of brane boundary.11 The question is whether the theory can be extended
to such a brane boundary while remaining topological. Crucially, this means
that given a manifold with a non-empty brane boundary but an empty gluing
boundary, a theory ZC would still assign a complex number to it interpreted
as ZC(∅ → ∅)(1). In the same vein, we interpret a manifold with a disjoint
union of a non-empty brane boundary and a non-empty gluing boundary Σ
as a cobordism ∅ → Σ. These are the cobordisms we want to compute the
topological invariants of.

From now on, we shall focus on the cobordism ΣI,b|g diffeomorphic to
Σ × [0, 1] where one treats Σ × {0} as a brane boundary and Σ × {1} as a
gluing boundary so that it is a cobordism of the form ∅ → Σ as far as glu-
ing boundary components are concerned. A condition must be imposed on
the brane boundary. It was established in Refs. [41,58] that given a spheri-
cal fusion category C, elementary brane boundary conditions are labelled by
indecomposable (finite semisimple C-linear) module categories over C. Let M
be a right module category over C. Representatives of the finitely many iso-
morphism classes of simple objects in M are denoted by M1,M2, . . . ∈ IM.
Even though M is not necessarily monoidal, and a fortiori not spherical fu-
sion, one can define a notion of quantum dimension for objects in M, which
we denote by dM1 , dM2 , . . . ∈ C [32]. The (right) module structure of M
is notated as (�, �F ) where � : M × C → M is the module action and�F : (− � −) � − ∼−→ − � (− ⊗ −) is the module associator, which is re-
quired to fulfil a ‘pentagon axiom’ involving the monoidal associator in C.
Introducing the notation MM1X

M2
:= HomM(M1 � X,M2) � |M1XM2, i〉, we

have M1 � X ∼= ⊕
M2

dM1X
M2

M2 with dM1X
M2

:= dimC MM1X
M2

and components

11Depending on the context, such boundaries are also referred to in the literature as ‘phys-
ical’, ‘end-of-the-world’, ‘coloured’ or ‘free’ boundaries.
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�FM1X1X2 of the module associator boil down to matrices
�FM1X1X2

M2
:
⊕

M3

MM1X1
M3

⊗ MM3X2
M2

∼−→
⊕

X3

MM1X3
M2

⊗ CX1X2
X3

. (3.13)

These matrices can be depicted in terms of string diagrams as

i

j
M3

M1 X1 X2

M2

=
∑

X3

∑

k,l

(�FM1X1X2
M2

)X3,kl

M3,ij

k

l
X3

M1 X1 X2

M2

, (3.14)

where i, j, k and l label basis vectors |M1X1M3, i〉 ∈ MM1X1
M3

, |M3X2M2,

j〉 ∈ MM3X2
M2

, |X1X2X3, k〉 ∈ CX1X2
X3

and |M1X3M2, l〉 ∈ MM1X3
M2

, respectively.
We shall refer to the entries of these matrices as �F -symbols. Unless otherwise
specified, we work with basis vectors obeying the analogue of the diagram-
matic property (3.3). By convention, we set to zero �F -symbols for which all
the fusion rules are not satisfied. Given any spherical fusion category C, one can
always choose M to be C itself—a choice referred to as the regular C-module
category—in which case the �F -symbols coincide with the F -symbols. Hence-
forth, we refer to this choice as the Dirichlet boundary condition. Another
type of (brane) boundary condition, which does not always exist, is provided
by forgetful monoidal functors C → Vec, i.e. C-module categories which are
equivalent to Vec as categories. Monoidal functors of this form are referred
to as fibre functors and the corresponding boundary conditions as Neumann
boundary conditions.12

Let us consider a couple of examples. Recall that VecG is the category
whose objects are G-graded vector spaces of the form V =

⊕
g∈G Vg equipped

with the fusion structure (V ⊗W )g =
⊕

x∈G Vx ⊗Wx−1g with unit 1 such that
1g = δg,1C. Simple objects are provided by the one-dimensional vector spaces
Cg with (Cg)h = δg,hC satisfying HomVecG

(Cg, Ch) ∼= δg,hC and Cg ⊗ Ch
∼=

Cgh. Indecomposable finite semisimple module categories over VecG are given
by pairs (A,ψ) consisting of a subgroup A ⊆ G and a normalised representative
of a cohomology class [ψ] ∈ H2(G, C×) [80]. Let M(A,ψ) be the C-linear finite
semisimple category whose set of simple objects is a transitive G-set identified
with the quotient A \G so that an object in M(A,ψ) is a graded vector space

12We justify this terminology by the results of Sect. 4.4, where we show that when choosing
C = VecG, Wilson lines condense on the Dirichlet boundary, while ’t Hooft lines condense on
Neumann boundaries. Indeed, given a gauge theory, the value of the gauge field is fixed on a
Dirichlet boundary, while it remains dynamical on a Neumann boundary. As a consequence,
Wilson lines condense and pick up fixed values at the Dirichlet boundary, while ’t Hooft
lines survive. The situation is reversed in the Neumann case. Thus, we classify a boundary
condition as being either Dirichlet or Neumann depending on whether Wilson or ’t Hooft
lines condense. In the general case, whenever C admits a fibre functor, one can identify
analogues of Wilson and ’t Hooft lines, and name the corresponding boundary conditions
by analogy with gauge theory.
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of the form M =
⊕

Ar∈A\G MAr. The (right) module structure over VecG is
defined by

M � Cg :=
⊕

Ar∈A\G

(M ⊗ Cg)Ar =
⊕

Ar∈A\G

MAa�g−1 , (3.15)

for every g ∈ G and M ∈ M(A,ψ). In particular, the action on simple objects
reads CAr � Cg = CAr�g

∼= CA(rg) for every g ∈ G and Ar ∈ A\G. Assigning
to every right coset in A \ G a representative in G via a map rep : A \ G → G,
we notice that given g ∈ G and Ar ∈ A\G, (rg) may not be the representative
in G of Ar � g. For every g ∈ G and Ar ∈ A\G, we denote by aAr,g the
group element in A such that rg = aAr,g · rep(Ar � g). Associativity of the
multiplication rule in G imposes in particular that aAr,g1g2 = aAr,g1aAr�g1,g2 ,
for all g1, g2 ∈ G and Ar ∈ A\F . Finally, the module associator is specified by
the �F -symbols

(�FAr g1 g2
Ar�(g1g2)

)g1g2,11

Ar�g1,11
:= ψ(aAr,g1 , aAr�g1,g2) , (3.16)

for every g1, g2 ∈ G and Ar ∈ A\G. Interestingly, the same data also label in-
decomposable (C-linear finite semisimple) module categories over the category
Rep(G) of finite dimensional representations of G. As a matter of fact, we shall
explain later that it is no mere coincidence. Given (A,ψ), the corresponding
Rep(G)-module category is given by the category Repψ(A) of projective rep-
resentations of A with Schur’s multiplier ψ. Concretely, the module action is
provided by the restriction functor ResG

A : Rep(G) → Rep(A) as

M � V := M ⊗ ResG
A(V ) , (3.17)

for every V ∈ Rep(G) and M ∈ Repψ(A), while the module associator is
provided by that in Vec. More precisely, let |V1V2V3, i〉 and |M1V M2, j〉 be basis
vectors in HomRep(G)(V1 ⊗ V2, V3) and HomRepψ(A)(M1 � V,M2), respectively.
We choose the following basis vectors for the hom-spaces:

|V1V2V3, i〉 ≡
(dV1dV2

dV3

) 1
4
[

V1 V2 V3
− − −

]∗
i

: V1 ⊗ V2 → V3

and |V M1M2, j〉 ≡
(dM1dV

dM2

) 1
4
[

M1 V M2
− − −

]∗
j

: M1 � V → M2 ,

(3.18)

whose normalisation conditions (3.4) follow from that of the Clebsch–Gordan
coefficients:

∑

v1,v2

[
V1 V2 V3
v1 v2 v3

]∗
i

[
V1 V2 V3
v1 v2 v′

3

]

j
= δi,j δv3,v′

3
,

∑

v,m1

[
M1 V M2
m1 v m2

]∗
i

[
M1 V M2
m1 v m′

2

]

j
= δi,j δm2,m′

2
.

(3.19)
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Finally, the �F -symbols read

(�FM1V1V2
M2

)V3,kl

M3,ij

=
1

dM2

∑

v1,v2,v3
m1,m2,m3

[
M1 V1 M3
m1 v1 m3

]∗
i

[
M3 V2 M2
m3 v2 m2

]∗
j

[
V1 V2 V3
v1 v2 v3

]

k

[
M1 V3 M2
m1 v3 m2

]

l
, (3.20)

for every V1, V2, V3 ∈ Rep(G), M1,M2,M3 ∈ Repψ(A) and basis vectors la-
belled by i, j, k and l in the relevant hom-spaces.

4.3. State-Sum Invariant

We are now ready to compute topological states in ZC(Σ) closely following Ref.
[70]. Consider the manifold ΣI,b|g, and impose the boundary condition labelled
by the C-module category M to its brane boundary Σ × {0}. We consider the
cell decomposition ΣI,b|g

Υ of ΣI,b|g obtained by cutting transversely to the edges
the cartesian product ΣΥ × [0, 1] in such a way that there are no vertices in
the interior of ΣI,b|g

Υ . In that spirit, we think of the gluing boundary Σ × {1}
as containing neither edges nor plaquettes. Note that by virtue of ZC being
topological, any other cell decomposition fitting ΣΥ would do, but this minimal
setting makes computations more amenable. We depict this procedure below:

Recall that all the edges in ΣΥ are oriented. We further choose an orien-
tation for the plaquettes lying on the gluing boundary, which is the same for
all of them, as well for the edges in the interior of ΣI,b|g

Υ , which is also the same
for all of them. We illustrated such conventions for a few cells in Eq. (3.21).
These choices induce an orientation for the plaquettes lying in the interior of
ΣI,b|g

Υ as well as a positive cyclic ordering for the set of plaquettes incident to
any given edge.
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Borrowing the notations of Sect. 4.1, consider a C-labelling X : P(int
(ΣI,b|g

Υ )) → IC of the oriented plaquettes in the interior of ΣI,b|g
Υ such that

X(−p) = X(p)∨ and an M-labelling M : P(ΣΥ) → IM of the oriented plaque-
ttes of the brane boundary ΣΥ × {0}. The relevant plaquettes are shaded in
Eq. (4.3) in grey and purple, respectively. Two labellings M and M′ are defined
to be equivalent whenever M(p) ∼= M′(p) for every 2-cell p ∈ P(ΣΥ). To every
0-cell v in the brane boundary, one can then associate a vector space H(v,X,M)
as follows: First of all, we assign to the unique edge eint ⊃ v in the interior
of ΣI,b|g

Υ the hom-space H(eint,X,M) := HomC(1,
⊗

p⊃eint X(p)), where the
tensor product is over incident plaquettes ordered negatively according to the
cyclic ordering mentioned above and assumed to have the orientation inducing
that of eint.13 Then, to every edge e ⊃ v in E(ΣΥ×{0}) oriented inwards, we as-
sign the hom-space H(e,X,M) := HomM(M(d+e)�X(dinte),M(d−e)), where
dinte ⊃ e is in the interior of ΣI,b|g

Υ and d+e,d−e ⊃ e lay on the brane bound-
ary such that the orientation of d+e induces that of e while that of d−e does
not. Similarly, to every edge e ⊃ v oriented outwards we assign the hom-space
HomM(M(d−e),M(d+e) �X(dinte)), which is isomorphic to H(e,X,M)∨. We
then define H(v,X,M) as

H(v,X,M) :=
⊗

e⊃v

H(e,X,M) (3.22)

where the tensor product is over all oriented edges incident to v and is un-
ordered.

To every vertex v ∈ V(ΣΥ), we then associate an evaluation map evv :
H(v,X,M) → C constructed as follows. Given a ball neighbourhood Bv of v,
we consider the oriented graph Γv ⊂ ∂Bv constituted by the links formed by
the intersection of ∂Bv with the plaquettes in P(ΣI,b|g

Υ ) such that the links
of Γv inherit an orientation from the corresponding plaquettes. Moreover, the
restrictions of the C-labelling X and the M-labelling M to the plaquettes
sharing v induce a (C,M)-labelling of Γv. Furthermore, we assign to every node
of Γv, which arises as the intersection of ∂Bv with an oriented edge e ⊃ v, the
corresponding hom-space H(e,X,M). Removing any point from ∂Bv, it follows
from S2\pt � R

2 that one can treat Γv as a planar graph. We exemplify this
procedure and our choice of conventions below:

13Notice that whenever eint is in the interior of Σ
I,b|g
Υ , the hom-space H(eint,X,M) does not

in fact depend on the C-module category M, but we still include it as we find it convenient
to use the same notation for hom-spaces associated with all types of edges.
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For any labelling of the nodes of Γv by basis vectors |ie〉 in the relevant hom-
spaces, the graphical calculus of string diagrams assigns a quantum invariant
evv(⊗e⊃v|ie〉) ∈ C.14 Whenever the vertex v is 3-valent, the result of this
evaluation is proportional to an �F -symbol of M (see below for an explicit
example). We can then consider the tensor product evΣΥ over all the vertices
in ΣΥ of these evaluations maps:

evΣΥ :=
⊗

v∈V(ΣΥ)

evv :
⊗

e∈E(Σ
I,b|g
Υ )

H(e,X,M) ⊗ H(e,X,M)∨

→
⊗

e∈E(int(Σ
I,b|g
Υ ))

H(e,X,M)∨ ∼= H(ΣΥ,X) ,
(3.24)

where H(ΣΥ,X) is defined in Eq. (3.12). Indeed, it follows from our definitions
that the hom-space H(eint,X,M) associated with the edge eint ⊃ v in the
interior of ΣI,b|g

Υ is dual to that associated with v when defining H(ΣΥ,X) in
Eq. (3.12). For instance in (3.23), the hom-space associated with the vertex v
when defining H(ΣΥ,X) is found to be HomC(1,X4 ⊗ X3 ⊗ X∨

2 ⊗ X∨
1 ), which

is isomorphic to HomC(X1 ⊗ X2,X4 ⊗ X3). For every e ∈ E(ΣI,b|g
Υ ), fixing a

choice of basis {|ie〉}ie in H(e,X,M) and denoting by {|ie〉∨}ie the dual basis
in H(e,X,M)∨ with respect to the non-degenerate pairing (3.10), we consider
the following canonical vectors

∑

ie

|ie〉 ⊗ |ie〉∨ =
∑

ie

|ie〉〈ie|
〈ie|ie〉 ∈ H(e,X,M) ⊗ H(e,X,M)∨ , (3.25)

for every e ∈ E(ΣI,b|g
Υ ). Finally, we define

ZC(ΣI,b|g
Υ ,X,M) := evΣΥ

⎛

⎜⎝
⊗

e∈E(Σ
I,b|g
Υ )

∑

ie

|ie〉 ⊗ |ie〉∨

⎞

⎟⎠ ∈ H(ΣΥ,X) . (3.26)

14Concretely, the complex number evv(⊗e⊃v|ie〉) is obtained by resolving using the coeval-
uation map the hom-space in C in terms of hom-spaces associated with 3-valent vertices
before using combinations of diagrammatic identities of the form (3.2), (3.3) and (3.4), as
well as adaptations thereof in M.
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Putting everything together, we define the state

|ΣΥ, C,M〉 := ZC(ΣI,b|g
Υ )(1)

∝
∑

[X],[M]

ZC(ΣI,b|g
Υ ,X,M)

∏

p∈P(ΣΥ×{0})

dM(p)

∏

p∈P(int(Σ
I,b|g
Υ ))

d
1
2
X(p) ,

(3.27)

where the sum is over equivalence classes of (C,M)-labellings. By construction,
the vector |ΣΥ, C,M〉, in an element of the topologically invariant subspace
ZC(ΣΥ) ⊂ HC(ΣΥ). We defined the state |ΣΥ, C,M〉 up to a numerical factor
depending on C and M, which is fixed by requiring the state to be normalised.
Note that in general, different indecomposable C-module categories yield dif-
ferent states in ZC(ΣΥ). In Sect. 4.4, we shall explain how to obtain complete
bases of states in ZC(ΣΥ) for every simple object indecomposable C-module
category M in Mod(C).

Let us now consider a couple of specific cases. Let Σ be an oriented two-
dimensional surface and Σ� a choice of triangulation. We equip Σ� with a
total ordering of its 0-simplices. This total ordering in turn induces a relative
orientation for the 1- and 2-simplices. Let Σ∨

� be the Poincaré dual of Σ� whose
constitutive cells inherit an orientation from their respective dual simplices.
We are interested in two families of topological states, namely states in ZC(Σ�)
for the input C = VecG and states in ZC(Σ∨

�) for the input C = Rep(G). Let us
begin with the latter. We shall focus on brane boundary conditions given by
the Rep(G)-module categories Rep(A) of linear representations of a subgroup
A of G. By definition, Σ∨

� only admits 3-valent vertices, and, according to our
chosen orientation conventions, these vertices come in only two types. Given a
vertex v of one such type and a (Rep(G),Rep(A))-labelling, applying the recipe
described above yields an oriented graph Γv of the form

Assigning basis vectors of the form (3.18) labelled by i, j, k and l to the
four hom-spaces appearing in Eq. (3.28), respectively, it follows from Eq. (3.14)
and the chosen normalisation conditions that the corresponding string dia-
gram evaluates to

√
dM1dV1dV2dM2

(�FM1V1V2
M2

)V3,kl

M3,ij
∈ C. But, when defining

the state |Σ∨
�,Rep(G),Rep(A)〉, we assign to every edge of the cell-complex

canonical basis vectors of the form (3.25), which introduces additional multi-
plicative factors that depend on the quantum dimension of the various objects.
The multiplicative factors associated with the edges incident to a vertex can
be ‘absorbed’ by multiplying the result of the evaluation map at this vertex
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by the square root of these factors. In the case of Eq. (3.28), these amount to
(dV1dV2dV3dM1dM2dM3)

− 1
2 . Furthermore, the definition (3.27) includes multi-

plicative factors of the square root of the quantum dimension of the simple ob-
ject labelling the plaquettes in the interior on the cell decomposition. Absorb-
ing these factors in a similar manner finally produces the following amplitude
associated with the vertex v in (3.28): (dV1dV2d

−1
V3

d−2
M3

)
1
4
(�FM1V1V2

M2

)V3,kl

M3,ij
∈ C.

This invites us to consider the following object:

V3

V
1 V2

M1 M2

M3

k

l

i j

:=
(dV1dV2

dV3

) 1
4

(�FM1V1V2
M2

)V3,kl

M3,ij√
dM3

. (3.29)

Proceeding similarly for the other type of vertex appearing in Σ∨
�, one

defines

V3

V1 V
2

M1 M2

M3

l

j

i k

:=
(dV1dV2

dV3

) 1
4

(�F̄M1V1V2
M2

)V3,lj

M3,ik√
dM3

, (3.30)

where �F̄ here refers to the inverse of the module associator �F . We then use
these graphical depictions to define 4-valent tensors of the form

∑

{V },{M}

∑

i,j,k,l
V3

V
1 V2

M1 M2

M3

k

l

i j

|M1V1M3, i〉∨ ⊗ |M3V2M2, j〉∨ ⊗ |V1V2V3, k〉 ⊗ |M1V3M2, l〉 ,

(3.31)

and similarly for the other type of vertex in Σ∨
�. We assign these two types of

tensors to the two types of vertices in Σ∨
�, and contract neighbouring tensors

via the non-degenerate pairing (3.10). Adopting the convention established in
Ref. [95] that every closed loop of blue strand labelled by a simple object in
the module category—which appears in our case around every plaquette of
Σ∨

�—is accompanied by a multiplicative factor of the quantum dimension of
the corresponding object, this contraction scheme results in a state propor-
tional to |Σ∨

�,Rep(G),Rep(A)〉, as defined via Eq. (3.27). Bringing everything
together, one recovers the type of topological tensor network states that have
been extensively studied in the context (2+1)d topological phases of matter,
as was originally demonstrated in Ref. [70].

Choosing instead C = VecG, let us now construct states in ZC(Σ�). In the
same vein as the previous case, we shall focus on brane boundary conditions
given by the VecG-module categories M(A, 1) ≡ M(A) defined in Sect. 4.2.
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Unlike the previous case, since we are now working with Σ�, vertices can have
arbitrary valence. But, provided that all the hom-spaces are non-zero, the
result of the evaluation map at any vertex is always one. Moreover, quantum
dimensions of simple objects in VecG and M(A) are also equal to one. To every
vertex v in Σ�, we thus assign a tensor whose entries are of the form15

C
g 3

C
g 4

C
g
1

C
g
6

Cg2 Cg51

1 1

1 1

1 1

CAr6

CAr1

CAr4 CAr5

CAr3CAr2

= δg1g2g3,g4g5g6 · δAr1�g1,Ar2 · δAr2�g2,Ar4 · δAr4�g3,Ar6

· δAr1�g4,Ar3 · δAr3�g5,Ar5 · δAr5�g6,Ar6 ,

(3.32)

where the orientation of the black lines is compatible with that of the edges
incident to v. Contracting these tensors along the edges of Σ∨

� yields a state
proportional to |Σ�,VecG,M(A)〉, as defined via Eq. (3.27). In the following,
we shall explain how to construct complete bases of states in ZVecG

(Σ�) and
ZRep(G)(Σ∨

�) by acting with topological operators on the states |Σ∨
�,Rep(G),

Rep(A)〉 and |Σ�,VecG,M(A)〉, respectively.

4.4. Topological Lines

Given a spherical fusion category C, bulk topological lines in ZC are organ-
ised into the Drinfel’d centre Z (C) of C [53,75]. Let us recall that Z (C) is
the (modular tensor) category whose objects are pairs (Z,RZ,−) consisting of
objects Z ∈ C and natural isomorphisms RZ,− : Z ⊗ − ∼−→ − ⊗ Z fulfilling a
‘hexagon axiom’ involving the monoidal associator in C. This category is the
quantum invariant ZC assigns to the circle.

Given a brane boundary labelled by M ∈ Mod(C), certain bulk topolog-
ical lines condense on it. Those that survive are organised into the so-called
Morita dual C∨

M of C with respect to M defined as the category FunC(M,M) of
C-module endofunctors of M. An object in FunC(M,M) is a pair (F, Fω) con-
sisting of a functor F : M → M and a natural isomorphism Fω : F(−) � − ∼−→
15When specialising to G abelian, and choosing the module category to be VecG or Vec,
one recovers tensor networks of the form (2.13) and (2.23), respectively. First of all, the
microscopic Hilbert space HVecG

(Σ�) is isomorphic to
⊗

e⊂Σ�
C[G], in which the tensor

networks (2.13) and (2.23) live. For M = Vec, the white tensors in Eq. (2.23) implement
the fact that hom-spaces in Eq. (3.32) associated with vertices v ∈ V(Σ�) are non-zero if
and only if the fusion rules in VecG are satisfied. For M = VecG, the tensor depicted in

Eq. (3.32) does not live in a tensor product of hom-spaces since they depend on common
choices of degrees of freedom in M. The black tensors in Eq. (2.13) play the role of the loops
of blue strands encoding such a structure, while the white tensors impose the conditions
expressed by the Kronecker deltas in Eq. (3.32).
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F(− � −) fulfilling a ‘pentagon axiom’ involving the module associator in M.
By virtue of M being indecomposable, C∨

M has the structure of a fusion cat-
egory where the monoidal product is given by the composition of C-module
functors [32]. Crucially, the Drinfel’d centre is an invariant of Morita equiva-
lence, namely there is a canonical tensor equivalence Z (C) � Z (C∨

M) [32,76].
It will often be convenient to refer to an object in the fusion category C∨

M via a
single label Y , in which case (YF, Yω) will denote the corresponding C-module
functor. Given a simple object Y ∈ C∨

M, components YωXM of the module
structure of the corresponding functor boil down to matrices

YωM1X
M2

:
⊕

M3

MY M1
M3

⊗ MM3X
M2

∼−→
⊕

M4

MM1X
M4

⊗ MY M4
M2

, (3.33)

where MY M1
M2

:= HomM(YF(M1),M2). Drawing from the fact that the com-
position of module functors endows M � FunC(C,M) with the structure of an
(invertible) (C, C∨

M)-bimodule category, we depict the above matrices in terms
of string diagrams as follows:

i

j
M3

M1 XY

M2

=
∑

M4

∑

k,l

(
YωM1X

M2

)M4,kl

M3,ij

k

l

M4

M1 XY

M2

, (3.34)

where i, j, k and l label basis vectors |Y M1M3, i〉 ∈ MY M1
M3

, |M3XM2, j〉 ∈
MM3X

M2
, |M1XM4, k〉 ∈ MM1X

M4
and |Y M4M2, l〉 ∈ MY M4

M2
, respectively.

Let us suppose that the two-dimensional surface Σ is diffeomorphic to the
two-torus T

2 and let us denote as before by T
2
Υ a choice of cell decomposition. It

is well-known that basis states of ZC(T2) are in one-to-one correspondence with
simple objects in Z (C) [56,73]. Given a simple object in Z (C), we could define
a non-local ribbon operator explicitly acting on HC(T2

Υ), as is usually done
when dealing with lattice Hamiltonian realisations of ZC [57,73], which upon
acting on say a state |T2

Υ, C,M〉 would yield another basis state. But these
non-local operators are usually quite intricate. In the spirit of our derivation
of |ΣΥ, C,M〉, and the study carried out in Sect. 3.2, we shall rather proceed
as follows.

Given a brane boundary labelled by M ∈ Mod(C), we mentioned above
that topological lines living on it are labelled by C∨

M. We think of such a
closed oriented line labelled by Y ∈ C∨

M as cutting edges of ΣΥ transversely
in such a way that it divides plaquettes in P(ΣΥ) into parts, to which an M-
labelling M assigns their own simple object in M. Any C-labelling X is left
unaffected. As described in Ref. [70], one can then adapt the evaluation map
evΣΥ to accommodate the presence of such lines. In addition to associating an
evaluation map evv to every vertex v ∈ ΣΥ, we associate a new evaluation map
to every crossing c of a topological line with an edge in the brane boundary. As
before, this map is constructed by considering a ball neighbourhood Bc of v and
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the oriented graph Γc constituted by the links formed by the intersection of ∂Bc

with the plaquettes of P(ΣI,b|g), as well as the restriction of the topological
line to the interior of Bc. The restrictions of the C-labelling X and the M-
labelling M to the plaquettes adjacent to the crossing c induce a (C,M)-
labelling of Γc. The oriented and labelled graph Γc always contains four nodes,
two of which are of the same type as in Eq. (3.23), and we assign to them the
same hom-space H(e,X,M) as before. To the other two, we assign hom-spaces
HomM(YF(M(d+e)),M(d−e)) or HomM(YF(M(d−e)),M(d+e)) depending on
whether the corresponding piece of the topological line is oriented inwards or
outwards with respect to c, respectively, where d+e and d−e are the plaquettes
such that orientation of d+e induces that of the line while that of d−e does
not. We illustrate this procedure below:

We finally bring everything together and proceed as in Eq. (3.27) in or-
der to obtain a state in ZC(ΣΥ). The fact that the resulting state is indeed
in ZC(ΣΥ) follows from the topological invariance of the line, which can be
demonstrated as follows: Assigning basis vectors labelled by i, j, k and l to the
four hom-spaces appearing on the r.h.s. of Eq. (3.35), respectively, it follows
from Eq. (3.34) and our chosen normalisation conditions that the correspond-
ing string diagram evaluates to

√
dY dXdM1dM2

(
YωM1X

M2

)M4,kl

M3,ij
. Absorbing the

additional multiplicative factors as we did before invites us to consider the
following objects [70]16

Y

X

k

j

i l

M3 M2

M1 M4

:=

(
YωM1X

M2

)M4,kl

M3,ij√
dM3dM4

(3.36)

and

16Note that in Ref. [70], monoidal associators F , module associators �F , and module struc-
tures −ω, are notated via 4F , 3F : and 2F , respectively.
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Y

X

l

i

k j

M3 M2

M1 M4

:=

(
Yω̄M3X

M4

)M2,kl

M1,ij√
dM3dM4

, (3.37)

where Yω̄ refers to the inverse of the module structure Yω. We then employ
these graphical depictions to define 4-valent tensors of the form

∑

X,Y,{M}

∑

i,j,k,l

Y

X

k

j

i l

M3 M2

M1 M4

|Y M1M3, i〉 ⊗ |M3XM2, j〉∨ ⊗ |M1XM4, k〉 ⊗ |Y M4M2, l〉∨
,

(3.38)

and similarly for the other orientation. The whole topological line is obtained
by contracting ‘horizontally’ the above tensors via the non-degenerate pairing
(3.10). The state that ZC assigns to ΣI,b|g

Υ in the presence of such a topolog-
ical line is simply obtained by inserting the corresponding tensor network in
between tensors resulting from the procedure depicted in Eq. (3.23). Topolog-
ical invariance of the line is then ensured by the pentagon axiom satisfied by
the module structure Yω, which involves the module associator of M. In the
case of a three-valent vertex in ΣΥ, this pentagon axiom translates into tensor
network identities of the form17

∑

M3

X3

X
1 X2

Y

M4

m
M1

M3

M2

M5 M6

n

i

k

j

l

=

X
1 X2

Y

X3

m

M1 M2

M5 M6

M4

n

k l

i j

, (3.39)

which is true for every combination of simple objects in C, simple objects in
M, and basis vectors in the relevant hom-spaces. Analogous identities hold for
higher-valent vertices. Later, when specialising to C = VecG and C = Rep(G),
we shall more explicitly compute tensors (3.36) and verify equations of the form
(3.39). In the tensor network literature, these are referred to as the ‘pulling-
through’ conditions of Matrix Product Operators (MPOs) [6,14,24,70,95].

17Recall that we work under the convention that every closed loop formed by blue strands
such as the one on the l.h.s. is implicitly accompanied by a multiplicative factor of the
quantum dimension of the corresponding simple object in M.
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Topological invariance confirms that the resulting state is indeed in ZC(ΣΥ).
Whenever the support of the closed topological line is contractible, we re-
cover |ΣΥ, C,M〉, otherwise it yields a different state in ZC(ΣΥ). It is quick to
convince oneself that this way of computing the action of topological lines is
significantly simpler than explicitly working out the action of the correspond-
ing ribbon operators on HC(ΣΥ) [57,73].

We are left to explain how to use these topological lines in order to
construct a complete basis of states in ZC(ΣΥ). Specialising to the two-torus, it
follows from Z (C) � Z (C∨

M) that basis states in ZC(T2
Υ) are also in one-to-one

correspondence with simple objects in Z (C∨
M). Given a simple object (Z,RZ,−)

in Z (C∨
M), the so-called ‘half-braiding’ isomorphisms RZ,X1 : Z ⊗ X1

∼−→
X1 ⊗ Z can be depicted as

RZ,X1 =

Z

Z

X1

X1

=
∑

X2

∑

i,j

(
RX2

Z,X1

)
ij

X1

X1

X2

Z

Z

j

i
, (3.40)

which we expressed on the r.h.s. in the basis of HomC∨
M(Z ⊗ X1,X1 ⊗ Z)

given by |ZX1X2, i〉〈X1ZX2, j| where 1 ≤ i, j ≤ dimC HomC(Z ⊗ X1,X2).
At this point, it is important to note that even though (Z,RZ,−) is a simple
object in Z (C∨

M), Z typically is not a simple object in C∨
M. Ground states in

ZC(T2
Υ) labelled by simple objects (Z,RZ,−) in Z (C∨

M) are finally obtained by
computing the state assigned by ZC in the presence of the following insertion
of topological lines

1
dim C∨

M

∑

X∈IC∨M

dX

(3.41)

where dim C∨
M =

∑
X d2

X is the global dimension of the spherical fusion cate-
gory C∨

M. More concretely, this boils down to inserting superpositions of tensors
of the form (3.36) contracted to a pair of tensors of the form (3.29) that evalu-
ate to the module associator of M over C∨

M, where the left module structure of
M is given by the composition of C-module functors [70]. The resulting basis
state will be denoted by |T2

Υ, C,M, (Z,RZ,−)〉. We will not seek to express
these basis states too explicitly in general since it is enough for our purpose to
know that one can associate a basis of ZC(T2) to any indecomposable C-module
category M in Mod(C).
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Finally, recall that in the context of the Hamiltonian realisation of ZC ,
simple objects in the Drinfel’d centre Z (C) also label the topological anyon-
like excitations. As a matter of fact, the operators defined above mapping
topological basis states on T

2 onto each other amounts to nucleating a pair
of anyon-like excitations, move one around one of the non-contractible cycles
of the torus, and annihilating them. Generally, these point-like excitations
are created at the endpoints of open bulk topological lines. For instance, the
excited state associated with a simple object in C∨

M ⊂ Z (C∨
M) can be created

by acting on |ΣΥ, C,M〉 with an open version of the corresponding topological
line, as constructed above.

5. Boundary States and Symmetric Theories

Exploiting the previous formalism, we explain in this section how to construct
a family of so-called ‘boundary states’ that are typically not topological. By
considering the inner product between topological and boundary states, we con-
struct partition functions of theories with arbitrary (non-)invertible symmetries
encoded into spherical fusion categories. We work out two classes examples: Fi-
nite group generalisations of the Ising model, and renormalisation group fixed
points of gapped symmetric phases.

5.1. Boundary States

Given a cell decomposition ΣΥ of Σ and a spherical fusion category C, we
defined in Eq. (3.12) the so-called microscopic Hilbert space HC(ΣΥ). With
the additional data of an indecomposable C-module category M, the state-
sum procedure of 4.3 produces a topological state |ΣΥ, C,M〉 belonging to the
subspace ZC(ΣΥ) ⊂ HC(ΣΥ). Let us now explain how to construct certain
families of states in the same microscopic Hilbert space HC(ΣΥ), which are
typically not in ZC(ΣΥ), extending the exposition in Ref. [2]. We proceed
in close analogy with the construction of topological states |ΣΥ, C,M〉, as is
described in Sect. 4.3 (see also Ref. [42] for a closely related construction). We
consider an inverted version ΣI,g|b

Υ of the cell decomposition ΣI,b|g
Υ considered

previously, which is obtained by cutting transversely the Cartesian product
ΣΥ × [1, 2] so that ΣΥ × {1} is a gluing boundary, whereas ΣΥ × {2} plays a
role analogous to that of the brane boundary ΣΥ ×{0} in Eq. (4.3). We depict
this configuration below:
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where the plaquettes shaded in orange constitute the brane boundary ΣΥ×{2}.
The blobs labelled by θ and ϑ along the edges of ΣΥ × {2} and those in
the interior of ΣI,g|b

Υ , respectively, embody modifications to the state-sum
construction of Sect. 4.3 to be described momentarily. Following Sect. 4.3,
we impose the brane boundary condition labelled by the indecomposable C-
module category N to ΣΥ × {2}. Moreover, given a (typically not simple)
object A =

⊕
X∈IC 〈X,A〉X ∈ C, where 〈X,A〉 ∈ Z≥0, we consider a (C,N )-

labelling (A,N) of the plaquettes in P(int(ΣI,g|b
Υ )) and P(ΣΥ × {2}) by sim-

ple objects appearing in A and representatives in IN , respectively.18 To ev-
ery 0-cell v in ΣΥ × {2}, one associates a vector space H(v,A,N), as de-
fined previously (see Eq. (3.22)), together with the corresponding evaluation
map evv : H(v,A,N) → C. As in Eq. (3.24), we consider the tensor product
evΣΥ :=

⊗
v∈V(ΣΥ) evv over all vertices of these evaluation maps. Furthermore,

let θ = {θ(e)}e∈E(ΣΥ×{2}) be a collection of elements

θe ≡ θ(e) ∈
⊕

X∈A

⊕

N1,N2∈IN

HomN (N1 � X,N2) ⊗ HomN (N2, N1 � X) (4.2)

that are left invariant under orientation reversal of ΣΥ, and let ϑ =
{ϑ(e)}

e∈E(int(Σ
I,g|b
Υ ))

be a collection of elements19

ϑe ≡ ϑ(e) ∈
⊕

{Xp∈A}p⊃e

HomC(1,
⊗

p⊃e

Xp) ⊗ HomC(
⊗

p⊃e

Xp,1) . (4.3)

Henceforth, we refer to such a pair (θ, ϑ) as ‘Boltzmann weights’. Previously,
we evaluated the tensor product over all the edges of canonical vectors (3.25).
Given the (C,N )-labelling (A,N), to every e ∈ E(int(ΣI,g|b

Υ )), we now attach
the vector

ϑe(A,N) :=
∑

ie

(ϑe)ie
ie

|ie〉 ⊗ |ie〉∨ ∈ H(e,A,N) ⊗ H(e,A,N)∨ , (4.4)

18Note that when decomposing A into simple objects, the same simple object may appear
several times.
19Notice that we are not making any positivity assumptions regarding θ and ϑ so the re-
sulting theory may not necessarily be interpreted as a statistical mechanical model.
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whereas to every e ∈ E(ΣΥ × {2}), we now attach the vector

θe(A,N) :=
∑

ie,je

(θe)
je
ie

|ie〉 ⊗ |je〉∨ ∈ H(e,A,N) ⊗ H(e,A,N)∨ , (4.5)

where the sums are over basis vectors in H(e,A,N). Proceeding as before, we
consider

ZC(ΣI,g|b
Υ ,A,A,N; θ, ϑ) = evΣΥ

(
⊗

e∈E(ΣΥ×{2})

θe(A,N)
⊗

e′∈E(int(Σ
I,g|b
Υ ))

ϑe′(A,N)

)
.

(4.6)
Putting everything together, one finally defines

|ΣΥ, C,A,N ; θ, ϑ〉 ∝
∑

[A],[N]

ZC(ΣI,g|b,A,A,N; θ, ϑ)

∏

p∈P(ΣΥ×{2})

dN(p)

∏

p∈P(int(Σ
I,g|b
Υ ))

d
1
2
A(p) ∈ HC(ΣΥ) , (4.7)

where the sum is over equivalence classes of (C,N )-labellings. The state is
defined up to a numerical factor depending on C and N , which will implicitly be
fixed later when used in practice. Given this data, we claim that the following
inner product in HC(ΣΥ) defines the partition function of a C∨

M-symmetric
model:

ZC∨
M(ΣΥ; θ, ϑ) := 〈ΣΥ, C,M|ΣΥ, C,A,N ; θ, ϑ〉 . (4.8)

First of all, let us make a couple of remarks about the notation: (i) The par-
tition function ZC∨

M(ΣΥ; θ, ϑ) of a two-dimensional C∨
M-symmetric theory is

not to be confused with the three-dimensional topological theory ZC with in-
put spherical fusion category C. (ii) The choice of C-module categories N and
object A are implicitly encoded into the Boltzmann weights (θ, ϑ), and are
thus omitted for conciseness. This choice is further justified by the following
remarks. (iii) Whenever we choose the object A to be

⊕
X∈IC X—which will

typically be the case—we omit writing A when defining the boundary state.
(iv) Moreover, whenever discussing examples associated with fusion categories
that admit fibre functors, we typically choose N to be Vec so that N(p) ∼= C

for every 2-cell p ∈ P(ΣΥ × {2}). In these cases, since different choices of fibre
functors can be absorbed into a choice of ϑ, we also omit writing N when
writing the boundary state.

The C∨
M-symmetry of the partition function ZC∨

M(ΣΥ; θ, ϑ) follows from
our ability to couple the theory to (closed) topological lines in C∨

M, which is in
turn guaranteed by the possibility of defining topological states in ZC(ΣΥ) in
the presence of topological lines in C∨

M, as demonstrated in Sect. 4.4. Whenever
the support of a closed topological line is contractible, it leaves the topologi-
cal state, and a fortiori the partition function, invariant, hence the symmetry.
Whenever the support is not contractible, this amounts to considering a dif-
ferent state in ZC(ΣΥ). When Σ = T

2 is the 2-torus, a basis of ZC(ΣΥ) is
labelled by simple objects in the Drinfel’d centre Z (C∨

M). The inner prod-
uct between this new topological state |ΣΥ, C,M, (Z,RZ,−)〉 associated with
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the simple object (Z,RZ,−) in Z (C∨
M) and |ΣΥ, C,A,N ; θ, ϑ〉 results in the

partition function of the theory in a non-trivial (topological) sector20:

ZC∨
M
(
ΣΥ; θ, ϑ)(Z,RZ,−) = 〈ΣΥ, C,M, (Z,RZ,−) |ΣΥ, C,A,N ; θ, ϑ〉 . (4.9)

Within this context, open bulk topological lines associated with simple objects
in Z (C∨

M) correspond to generalised charges [8,17,21,42]. In particular, sim-
ple objects in C∨

M play the role of disorder operators. Conversely, open bulk
topological lines condensing on the brane boundary labelled by M give rise
to pairs of local order operators that are charged under the symmetry C∨

M
symmetry.

Notice that choosing the object A to be the direct sum
⊕

X∈IC X of
simple objects in C and the ‘trivial’ Boltzmann weights (θtriv., ϑtriv.), such
that (θtriv.

e )je
ie

= 1 and (ϑtriv.
e )ie

ie
= 1 for all ie, je in the relevant hom-spaces

H(e,A,N), yields the identification |ΣΥ, C,A,N ; θtriv, ϑtriv.〉 ≡ |ΣΥ, C,N〉.
Whenever we choose ϑ to be trivial—which is often the case—we omit includ-
ing it in the definition of the partition function for convenience. In Sect. 5.3,
we discuss how to choose the Boltzmann weights so as to obtain partition func-
tions of renormalisation group fixed points for C∨

M-symmetric gapped phases.
Finally, note that the boundary states are overparametrised, as multiple combi-
nations of triples (N , θ, ϑ) yield the same states; we exploit this overparametri-
sation in Sect. 6.3, for instance.

5.2. Generalised Ising Models

Let us illustrate the above construction with a concrete example. Let Σ be a
two-dimensional oriented surface endowed with a triangulation Σ�. We import
notations and conventions from Sect. 4. In particular, relative orientations of
the 1- and 2-simplices are implied from a total ordering of the 0-simplices.
Given a finite (possibly non-abelian) group G, let θ : E(Σ∨

�) → C
G be a collec-

tion of even functions, one for each edge of the Poincaré dual Σ∨
�. We define

a VecG-symmetric theory on Σ∨
� with Boltzmann weights θ via its partition

function
ZVecG(Σ∨

�; θ) :=
∑

σ∈GV(Σ∨
�)

∏

e∈E(Σ∨
�)

θe
(
σ−1

∂−eσ∂+e

)
, (4.10)

where we are employing the shorthand notations θe ≡ θ(e) and σv ≡ σ(v).
Henceforth, we refer to such a theory as a G-Ising model. Let us now lift this
theory to a boundary theory of the state-sum TQFT with input datum VecG.
To begin with, we can proceed as in the abelian case (c.f. Sect. 3.2). Given the
Hilbert space

⊗
e∈E(Σ∨

�) C[G], we define two of its states as

|Σ∨
�, G〉 ∝

∑

σ∈GV(Σ∨
�)

⊗

e∈E(Σ∨
�)

∣∣σ−1
∂−eσ∂+e

〉
and |Σ∨

�; θ〉 ∝
⊗

e∈E(Σ∨
�)

|θe〉 ,

20Despite the notation, it is important to note that the partition function in the trivial
sector is not necessarily that associated with the identity object in Z (C∨

M) as it depends on
choices of conventions. More generally, there is no canonical way of assigning a topological
sector to a given simple object in Z (C∨

M).
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(4.11)

respectively, where |θe〉 := 1
|G|
∑

g∈G θe(g)|g〉. It follows that the partition func-
tion (4.10) can be rewritten as the inner product

ZVecG(Σ∨
�; θ) = 〈Σ∨

�, G |Σ∨
�; θ〉 , (4.12)

as desired. Let us rather apply our previous construction of boundary state
to show that, upon choosing ΣΥ = Σ�, C = VecG, and M = VecG, the
partition function (4.10) can equivalently be written as an inner product be-
tween |Σ�,VecG,VecG〉 and a boundary state from HVecG

(Σ�) encoding the
Boltzmann weights. Consider the topological state |Σ�,VecG,VecG〉 defined in
Eq. (3.27). Recall that this state can be obtained by assigning to every vertex
v in Σ� a tensor whose entries are of the form (3.32) for the VecG-module
category M({1}) � VecG, take the tensor product of all the tensors, and
contract indices along the edges of Σ� via the non-degenerate pairing (3.10).
Remembering that the module structure of VecG over itself is simply given by
the group multiplication in G, we find that |Σ�,VecG,VecG〉 is a normalised
sum over group labels associated with plaquettes of Σ�—each such labelling
fixing a labelling for the plaquettes in the interior of ΣI,b|g

� by definition of
the VecG-module structure—of configurations of the unique basis vectors in
the hom-spaces of VecG associated with the vertices of Σ�, which are always
non-zero by construction. Overall, one finds

|Σ�,VecG,VecG〉 ∝
∑

σ∈GP(Σ�)

⊗

v∈V(Σ�)

∣∣{σ−1
d+eσd−e}e⊃v, 1

〉
, (4.13)

where the notations d+e and d−e are introduced in Sect. 4.3.
Next, we need to construct the state in HVecG

(Σ�) encoding the Boltz-
mann weights. Consider the state |ΣΥ, C; θ, ϑ〉 defined in Eq. (4.7) specialised to
C = VecG and ΣΥ = Σ�.21 Using the notations of Sect. 4.3, for an edge eint in
the interior of ΣI,g|b

� , the hom-space H(eint,A,N) = HomVecG
(1,
⊗

p⊃e A(p)),
where A(p) ≡ gp, is one dimensional if

⊗
p⊃e A(p) = 1, and empty oth-

erwise. Moreover, since C � Cg � C for every simple object Cg in VecG,
hom-spaces H(e,A,N) associated with edges e on the brane boundary are all
one-dimensional. It follows that Boltzmann weights θ boil down to functions
θe : G → C, as expected. We choose these functions to be those entering the
definition of (4.10). Moreover, we choose ϑ to be trivial. Putting everything
together, we find the following (boundary) state:

|Σ�,VecG; θ, ϑtriv.〉 ∝
∑

g∈GE(Σ�)

( ∏

v∈V(Σ�)

δ1,gv

)( ∏

e∈E(Σ�)

θe(ge)

) ⊗

v∈V(Σ�)

|{ge}e⊃v, 1〉 ,

(4.14)
where we identified ge ≡ gdinte so that gv :=

∏
e⊃v ge is a product of group

elements over edges incident to v ordered counterclockwise and assumed to be

21Recall that by convention |Σ�,VecG; θ, ϑ〉 ≡ |Σ�,VecG,
⊕

g∈G Cg ,Vec; θ, ϑ〉.
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oriented in the outward direction. By inspection, we immediately find that22

ZVecG(Σ∨
�; θ) = 〈Σ�,VecG,VecG |Σ�,VecG; θ, ϑtriv.〉 , (4.15)

as requested. The VecG-symmetry of the theory follows from the results of
the general construction together with the fact that (VecG)∨

VecG
� VecG. More

specifically, insertions of topological lines in VecG are performed via tensors
whose non-vanishing entries are of the form

x

g

1

1

1 1

xσ xσg

σ σg

= 1 , (4.16)

for any σ, g, x ∈ G. It is an interesting exercise to confirm that the action of
such topological lines on ZVecG

(Σ�) precisely coincide with the action of closed
magnetic operators in the context of the Hamiltonian realisation of ZVecG

[57].
Expression (4.10) provides the partition function of the G-Ising model in

the trivial (or singlet) topological sector. By definition of being symmetric, it
can be coupled to background flat gauge fields so that different equivalence
classes of background fields correspond to different sectors of the theory. Gen-
erally, coupling the theory to a background gauge field amounts to inserting
a fine enough network of topological lines in VecG. Specialising to Σ� = T

2
�,

one can always invoke topological invariance to reduce any fine enough net-
work of lines to a pair (Ch1 , Ch2) of lines in VecG such that h1h2 = h2h1,
each wrapping either a meridional or a longitudinal non-contractible cycle of
T

2
�, respectively. Group elements h1, h2 ∈ G should here be interpreted as the

holonomies along the corresponding transverse non-contractible cycles, and
the commutation relation h1h2h

−1
1 h−1

2 = 1 merely encodes that the holonomy
along a contractible cycle around the intersection of the two lines must be
trivial. But, due to the VecG-symmetry, which acts on (h1, h2) by conjugation,
topological sectors of the G-Ising model are not simply labelled by pairs of
commuting group elements. More precisely, we define an equivalence relation
on {(h1, h2) ∈ G × G |h1h2 = h2h1} via (h1, h2) ∼ (h′

1, h
′
2), if there exists

an x ∈ G such that (h′
1, h

′
2) = (xh1x

−1, xh2x
−1). The moduli space of flat

connections is then found to be

{(h1, h2) ∈ G × G |h1h2 = h2h1} /∼ ∼= Hom(π1(T2), G) /∼ , (4.17)

representatives of which label the topological sectors of the G-Ising model.
Coupling such an equivalence class [h1, h2] of background flat gauge fields to
the G-Ising model (4.10) results in the partition function

ZVecG(Σ∨
�; θ)([h1, h2]) ∝

∑

σ∈GV(Σ∨
�)

∏

e∈E(Σ∨
�)

θe
(
σ−1

∂−e g(h1, h2)e σ∂+e

)
, (4.18)

22Normalisation of the state (4.14) is chosen so the inner product with (4.13) exactly equates
the partition function ZVecG (Σ∨

�; θ).
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where g : Hom(π1(T2), G)→GE(Σ∨
�) is a background gauge field with holonomies

h1, h2 ∈ G around their respective non-contractible cycles.23 Crucially, ZVecG

(Σ∨
�; θ)([h1, h2]) does not depend on a choice of representative in [h1, h2].

Let us now confirm that this characterisation is compatible with the gen-
eral statement that topological sectors are in one-to-one correspondence with
simple objects in the Drinfel’d center of the symmetry fusion category. It is
well-known that isomorphism classes of simple objects in Z (VecG) are la-
belled by pairs ([c1], Vc1) consisting of a conjugacy class [c1] in G represented
by c1 and an irreducible representation Vc1 of the centraliser ZG(c1) of c1 in
G. Given ([c1], Vc1), the corresponding simple object in Z (VecG) is the G-
graded vector space V =

⊗
g∈G Vg such that Vg

∼= Vc1 whenever g ∈ [c1],
and zero otherwise. The half-braiding isomorphisms can be explicitly con-
structed from the knowledge of the action of ZG(c1) on the vector space Vc1 .
We explained in Sect. 4.4 how to construct a topological state in ZVecG

(T2
�)

associated with a given simple object in Z (VecG). It is the state assigned
by the topological theory to T

2
� in the presence of the network of topolog-

ical lines depicted in Eq. (3.41). We denote the resulting topological state
by |Σ�,VecG,VecG, ([c1], Vc1)〉 ∈ ZVecG

(Σ�). As per Eq. (4.9), the partition
function of the G-Ising model in the topological sector ([c1], Vc1) reads

ZVecG(Σ∨
�; θ)([c1], Vc1)

= 〈Σ�,VecG,VecG, ([c1], Vc1) |Σ�,VecG; θ, ϑtriv.〉
∝

∑

h1∈[c1]
h2∈ZG(h1)

tr
(
η∨(q−1

h1
h2qh1)

) ∑

σ∈GV(Σ∨
�)

∏

e∈E(Σ∨
�)

θe
(
σ−1

∂−e g(h1, h2)e σ∂+e

)
,

(4.19)

where η : ZG(c1) → EndC(Vc1) and qh1 ∈ G is such that c1 = q−1
h1

h1qh1 for all
h1 ∈ [c1]. Of course, we can consider arbitrary linear combinations of states
in ZVecG

(Σ�). Given h1, h2 ∈ G such that h1h2 = h2h1, consider in particular
the state

1
|ZG(h1)|

∑

Vh1∈ẐG(h1)

tr
(
η(h2)

) |Σ�,VecG,VecG, ([h1], Vh1)〉 (4.20)

where η : ZG(h1) → EndC(Vh1). By inspection, one finds that the inner
product between this topological state and |Σ�,VecG; θ, ϑtriv.〉 coincides with
ZVecG(Σ∨

�; θ)([h1, h2]).

5.3. Renormalisation Group Fixed Points of Gapped Phases

Given a fusion category C, it was argued in Ref. [9,62,91] that one-dimensional
C-symmetric gapped phases of matter are in one-to-one correspondence with
(finite semisimple) C-module categories, such that vacua are labelled by simple
objects in the corresponding module categories. Given such a finite semisim-
ple C-module category M, there exists an associative algebra object A in C
such that M is equivalent to the category ModC(A) of A-modules in C [32].

23The background gauge field can defined in analogy to the abelian connection (2.7).
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Endowing the algebra A with a Δ-separable symmetric Frobenius structure
[37], one can build a renormalisation group fixed point as follows24: Let us
denote the multiplication and the section of the algebra by μ : A ⊗ A → A
and Δ : A → A ⊗ A, respectively. It follows from the semisimplicity of C that
one can decompose A into simple objects. Given a simple object X in C, we
notate as |XA, i〉 a choice of basis in the hom-space HomC(X,A) ≡ CX

A . The
multiplication μ boils down to the structure constants of the algebra defined
as follows [37]:

l

kj

μ
A A

A

X1 X2

X3

=
∑

i

(
μX1X2

X3

)i
jkl

i

X1 X2

X3

, (4.21)

where j, k, l and i label basis vectors |X1A, j〉 ∈ CX1
A , |X2A, k〉 ∈ CX2

A , 〈X3A, l| ∈(CX3
A
)∨ and |X1X2X3, i〉 ∈ CX1X2

X3
, respectively. The algebra object A labels

a gapped C-symmetric phase that preserves the topological lines labelled by
simple objects in A. The partition function of the corresponding fixed point
can be realised as the inner product between the topological state |ΣΥ, C, C〉
and a state in the kinematical Hilbert space HC(ΣΥ) loosely defined as follows:
Assign to every oriented edge in ΣΥ the object A and choose at every junction
the vector in the hom-space provided by the multiplication.25

Importantly, the construction sketched above is valid for any fusion cat-
egory C, but the resulting state only falls within the class of boundary states
considered in Sect. 5.1 whenever C admits a fibre functor. Supposing C does
admit a fibre functor and choosing the module structure over Vec to be trivial—
which does not necessarily mean that the �F -symbols are trivial—the desired
state is in fact of the form |ΣΥ, C,A; θtriv., ϑA〉. Indeed, given e ∈ E(int(ΣI,g|b

Υ )),
suppose that H(e,A,N) is of the form HomC(Xj

1 ⊗ Xk
2 ,X l

3), where j, k and l
are multiplicity labels for the simple objects X1,X2 and X3 in A, respectively.
Given basis vectors |ie〉 ≡ |Xj

1Xk
2 X l

3, i〉, one defines ϑA
e (A,N) : H(e,A,N) →

H(e,A,N) via
(ϑA

e )ie
ie

= 〈ie|ϑA
e |ie〉 :=

(
μX1X2

X3

)i
jkl

. (4.22)

We then obtain the partition function of the renormalisation group fixed point
associated with the algebra A as 〈ΣΥ, C, C |ΣΥ, C,A; θtriv., ϑA〉. Whenever C
does not admit a fibre functor, it remains possible to realise the partition

24An analogous strategy was employed in Ref. [51] in order to construct fixed point Hamil-
tonians in (1+1)d.
25Strictly speaking, not all junctions in HC(ΣΥ) are of the type depicted in Eq. (4.21),
in which case the morphism is not quite the multiplication μ. For instance, the junction
obtained by turning these string diagrams upside down is rather provided by the section Δ.
Additional junctions would require the symmetric Frobenius structure of A.
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function of the renormalisation group fixed point within the framework of
Sect. 5.1, but the boundary state needs to be defined differently, choosing for
instance N to be ModC(A) itself and specific Boltzmann weights θ, while ϑ can
be trivial. We discuss such a case in Sect. 6.3. Finally, note that considering
instead the topological state |ΣΥ, C,M〉 would still yield a renormalisation
group fixed point but for a different gapped symmetric phase with respect to
the symmetry C∨

M. We delve deeper into this aspect in Sect. 7.4.
Let us examine a couple of explicit examples. Every indecomposable

VecG-module category being of the form ModC(A), Morita classes of sepa-
rable algebra objects in VecG are also labelled by pairs (A,ψ) consisting of
a subgroup A ⊆ G and a normalised representative of a cohomology class
[ψ] ∈ H2(G, C×). The algebra object in VecG associated with (A, 1) is simply
given by the group algebra C[A] ∼= ⊕

a∈A Ca so that
(
μa1 a2

(a1a2)

)1
111

= 1, i.e.
ϑC[A] = ϑtriv.. The corresponding gapped phase is that preserving the subsym-
metry A. It follows from comments in Sect. 4.2 that separable algebra objects
in Rep(G) are also labelled by pairs (A,ψ). The algebra object in Rep(G)
associated with (A, 1) is the G-algebra of functions in C

A\G with pointwise
multiplication such that ModRep(G)(CA\G) � Rep(A) [25]. As an object in
Rep(G), C

A\G defines the permutation representation, which is isomorphic to
the induced representation IndG

A(0A) in G of the trivial representation 0A of A.
Working out the structure constants in this case is more delicate. It requires
decomposing the permutation representation in terms of irreducible represen-
tations and expressing the pointwise multiplication in a chosen basis for the
hom-spaces in Rep(G). But the final result can be conveniently expressed in
terms of the module associator of Rep(A) over Rep(G) as [37]

(
μV1V2

V3

)i
jkl

=
(�F

0AV1V2
0A

)0A,kj

V3,il
, (4.23)

for every V1, V2, V3 ∈ Rep(G) and basis vectors in the relevant hom-spaces.

6. Fourier Transform of VecG -Symmetric Theories

In this section, we consider the VecG-symmetric generalisations of the Ising
model introduced previously, realised as boundary theories of topological theo-
ries, and perform in this setting the Fourier transform of the corresponding
Boltzmann weights in arbitrary (topological) sectors.

6.1. Fourier Transform

Previously, we realised the (generalised) G-Ising model with partition func-
tion (4.10) as a boundary theory of the Turaev–Viro–Barrett–Westbury the-
ory ZVecG

. We were able to do so because we showed in Sect. 4.4 that we
could construct topological states in the presence of topological lines labelled
by (VecG)∨

VecG
� VecG, guaranteeing that the G-Ising model can be coupled

with topological lines in VecG. But the same VecG symmetry can be realised
in different ways, stemming from the fact that there exist multiple combina-
tions of fusion category C and C-module category M such that C∨

M � VecG.
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In particular, one has (Rep(G))∨
Vec � VecG. Therefore, we can expect a dual

description of the G-Ising model where configuration variables are valued in
Rep(G). This alternative description can be found starting from Eq. (4.10) by
performing a Fourier transform of all the Boltzmann weights.

Let us carry out this derivation as explicitly as possible. Recall that for
every function θ : G → C, one can define its Fourier transform θ∨ via

θ∨(ρ) =
1

|G|
∑

g∈G

θ(g)ρ(g) ∈ EndC(V ) , (5.1)

for any ρ : G → EndC(V ). It follows from the orthogonality of the representa-
tion matrices that the inverse Fourier transform reads

θ(g) =
∑

V ∈Ĝ

dV trV

(
θ∨(ρ)ρ∨(g)

)
(5.2)

such that ρ∨(g)w
v = ρ(g−1)v

w. Applying Eq. (5.2) to the weight θe in the parti-
tion function (4.10), and using the defining property of a group representation,
we find

ZVecG(Σ∨
�; θ) =

∑

V ∈ĜE(Σ∨
�)

∑

σ∈GV(Σ∨
�)

∏

e∈E(Σ∨
�)

dVe θ∨
e (ρe)we

ve
ρ∨
e (σ−1

∂−e)
ue
we

ρ∨
e (σ∂+e)ve

ue
,

(5.3)
where Ĝ ≡ IRep(G), ρe ≡ ρ(e) : G → EndC(Ve). Here, for a simple object
ρ : G → EndC(V ), we have written the trace over V in terms of explicit ma-
trix indices, using the convention that repeated indices are summed over. In
particular, for each edge e ∈ E(Σ∨

�), we have introduced the set of indices
{ue, ve, we}, the range of each index depending on the corresponding represen-
tation, namely 1, . . . ,dimC Ve. The product over the edges can be reorganised
so as to obtain26

ZVecG(Σ∨
�; θ) =

∑

V ∈ĜE(Σ∨
�)

( ∏

e∈E(Σ∨
�)

θ∨
e (ρe)we

ve

)

∏

v∈V(Σ∨
�)

∑

σv∈G

( ∏

e′←v

d
1
2
Ve′

ρe′(σv)we′
ue′

)( ∏

e′′→v

d
1
2
Ve′′

ρ∨
e′′(σv)ve′′

ue′′

)
.

(5.4)

This allows us to perform the sum over σ ∈ GV(Σ∨
�), yielding invariant tensors

at each vertex. Recall that as per the conventions of Sect. 4.3, Σ∨
� only admits

3-valent vertices. Moreover, these vertices come in only two types: Either there
are exactly two incoming edges, or there are exactly two outgoing edges. Given
any vertex v ∈ V(Σ∨

�), we notate via ev,1 and ev,2 the two incoming or outgoing
edges and via ev,3 the remaining one. Whenever there are two incoming edges

26Notice that even though Eq. (5.4) does not naively display any repeated matrix indices,
writing down explicitly the various products would reveal repeated indices associated with
the same edges in Σ∨

�, which would then be summed over.
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at v, summing over the configuration variable σv ∈ G yields

1
|G|

∑

σv∈G

(dVev,3
)

1
2 ρev,3(σv)

wev,3
uev,3

(dVev,1
dVev,2

)
1
2 ρ∨

ev,1(σv)
vev,1
uev,1

ρ∨
ev,2(σv)

vev,2
uev,2

=
∑

iv

(dVev,1
dVev,2

dVev,3

) 1
4
[

V ∨
ev,1

V ∨
ev,2

V ∨
ev,3

uev,1 uev,2 uev,3

]

iv

(dVev,1
dVev,2

dVev,3

) 1
4
[

V ∨
ev,1

V ∨
ev,2

V ∨
ev,3

vev,1 vev,2 wev,3

]∗
iv
.

(5.5)
where iv = 1, . . . ,dimC HomRep(G)(Vev,1 ⊗Vev,2 , Vev,3). Similarly, whenever there
are two outgoing edges at v, one obtains

1
|G|

∑

σv∈G

(dVev,1
dVev,2

)
1
2 ρev,1(σv)

wev,1
uev,1

ρev,2(σv)
wev,2
uev,2

(dVev,3
)

1
2 ρ∨

ev,3(σv)
vev,3
uev,3

=
∑

iv

(dVev,1
dVev,2

dVev,3

) 1
4
[

Vev,1 Vev,2 Vev,3
uev,1 uev,2 uev,3

]

iv

(dVev,1
dVev,2

dVev,3

) 1
4
[

Vev,1 Vev,2 Vev,3
wev,1 wev,2 vev,3

]∗
iv
,

(5.6)

At this point, a couple of observations are in order: (i) Both (5.5) and (5.6)
provide the non-vanishing entries of the contraction of a pair of tensors, which
evaluate to Clebsch-Gordan coefficients (or their conjugate) times some multi-
plicative factors that depend on the dimension of representations, along mul-
tiplicity indices in Rep(G). These tensors precisely coincide with Eq. (3.29) for
(C,M) = (Rep(G),Vec). For instance, whenever there are two incoming edges,
these tensors are of the form27

V3

V
1 V2

i

v3

v1 v2

=
(dV1dV2

dV3

) 1
4
[

V1 V2 V3
v1 v2 v3

]

i
, (5.7)

where dotted lines depict the unique simple object in Vec. (ii) Expression
(5.4) for the partition function further involves the Fourier transform θ∨

e of the
Boltzmann weights. Importantly, the matrices θ∨

e (ρe) appear with indices of the
type ve and we, but not ue. Moreover, notice that in Eqs. (5.5) and (5.6), there
are no Clebsch-Gordan coefficients mixing indices of the type ue with others.
This means that the tensors of the form (3.29) are naturally divided into two
disjoint sets such that one set carries indices of the types (ve, we), whereas the
other set only carries indices of the ue. The former set of tensors are contracted
to each other via the matrices θ∨

e (ρe), whereas the latter one are directly
contracted to each other, while multiplicity indices in Rep(G) remain free. The
result of these contractions are the tensor network states |Σ∨

�,Rep(G), θ∨〉
and |Σ∨

�,Rep(G),Vec〉, respectively. Finally, contracting these tensor network
states along multiplicity indices as per Eqs. (5.5) and (5.6) precisely recovers

27Recall from Eq. (3.23) that the strings supporting the objects in C in the definition of the
tensors are oriented backwards compared to the corresponding edges in ΣΥ.
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the partition function (4.10). In symbols,

ZVecG(Σ∨
�; θ) = 〈Σ∨

�,Rep(G),Vec |Σ∨
�,Rep(G), θ∨, ϑtriv.〉 , (5.8)

as requested. Practically, it means that, instead of explicitly carrying out the
Fourier transform of the partition function of a VecG symmetric theory, we
can immediately invoke Eq. (5.8), and generalisations thereof. It is worth em-
phasising that Eq. (5.8) is a very natural way of organising the result of the
Fourier transform, and can be used to motivate a posteriori the realisation of
the G-Ising model as a boundary theory of a topological theory.

It is interesting to note that it is possible to define a generalised Fourier
transform. More specifically, for every representative of the Morita class of
VecG, one can define a Fourier transform, the same way the ordinary Fourier
transform is associated with the VecG-module category Vec. In this scenario,
the configuration variables are valued in (VecG)∨

M(A) rather than (VecG)∨
Vec �

Rep(G). Similarly, we expect that similar transformations should exist for any
spherical fusion category C admitting distinct indecomposable module cate-
gories. We postpone a study of this more general scenario to another manu-
script.

6.2. Fourier Transform in the Presence of Topological Lines

We have established above the following equality of partition functions for the
G-Ising model in the trivial topological sector:

〈Σ�,VecG,VecG |Σ�,VecG; θ, ϑtriv.〉
= 〈Σ∨

�,Rep(G),Vec |Σ∨
�,Rep(G), θ∨, ϑtriv.〉 . (5.9)

Let us now consider the partition function ZVecG
(Σ∨

�; θ)([h1, h2]) obtained by
inserting topological lines in VecG. Even though the VecG symmetry is obvi-
ously preserved by the Fourier transform, its realisation differs, as embodied by
tensors (3.36). We wish to confirm this statement by explicitly computing the
Fourier transform in the presence of topological lines. The derivation largely
follows the same steps as previously with slight modifications. Consider the
Fourier transform of the Boltzmann weights in (4.18):

θe
(
σ−1

∂−e g(h1, h2)e σ∂+e

)

=
∑

Ve

dVe θ∨
e (ρe)we

ve
ρ∨
e(σ

−1
∂−e)

ue
we

ρ∨
e

(
g(h1, h2)e

)te
ue

ρ∨
e (σ∂+e)ve

te . (5.10)

Since factors of the form ρ∨(g(h1, h2)e)te
ue

do not depend on the configuration
σ that is summed over, these can be placed beside Boltzmann weights θ∨ in
Eq. (5.4). The subsequent steps remain unchanged. We must simply include
these additional factors in the tensor network producing the topological state
following the contraction pattern. But these factors precisely coincide with the
non-vanishing entries of tensors (3.36) encoding the coupling of topological
lines in VecG for input spherical fusion category Rep(G) and Rep(G)-module
category Vec, namely
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Cg

V

t

u

1 1 = ρ(g)t
u , (5.11)

where dotted lines depict the unique simple object in Vec and ρ : G →
EndC(V ). Naturally, the same statement holds for any linear combination of
topological sectors so that

ZVecG(Σ∨
�; θ)([c1], Vc1) = 〈Σ∨

�,Rep(G),Vec, ([c1], Vc1) |Σ∨
�,Rep(G), θ∨, ϑtriv.〉 ,

(5.12)
for every simple object ([c1], Vc1) in the Drinfel’d center of VecG.

6.3. Fourier Transform of Renormalisation Group Fixed Points

Given a subgroup A ⊆ G, we explained in Sect. 5.3 how to construct the
partition function of a renormalisation group fixed point for the gapped phase
preserving the symmetry A. Spelling out the definition, one obtains

ZVecG(Σ∨
�; θtriv., ϑC[A])

:= 〈Σ�,VecG,VecG |Σ�,VecG, C[A]; θtriv., ϑC[A]〉
=

∑

σ∈GV(Σ∨
�)

∏

e∈E(Σ∨
�)

1A

(
σ−1

∂−eσ∂+e

)

= 〈Σ�,VecG,VecG |Σ�,VecG; 1A, ϑtriv.〉 , (5.13)

where 1A : G → {0, 1} is the characteristic function of the subgroup A. De-
spite the different setting, the alternative parametrisation in the last line of
Eq. (5.13) makes it possible to employ formula (5.8):

ZVecG(Σ∨
�; θtriv., ϑC[A]) = 〈Σ∨

�,Rep(G),Vec |Σ∨
�,Rep(G); 1∨

A, ϑtriv.〉 . (5.14)

By definition of the inverse Fourier transform, one has

1∨
A(ρ) =

1
|G|

∑

g∈G

1A(g) ρ(g) =
1

|G|
∑

a∈A

ρ(a) , (5.15)

for all ρ : G → EndC(V ) in Ĝ. Schur’s orthogonality relation together with
Frobenius reciprocity stipulate that 1∨

A(ρ) is zero unless ρ appears in the de-
composition into irreducible representations of the G-representation IndG

A(0A)
induced from the trivial representation of A. Moreover, recall that as a G-
representation, IndG

A(0A) is isomorphic to C
A\G. But, invoking the trivial rep-

resentation η : A → EndC(0A), one can write the matrix entries of 1∨
A(ρ) in

terms of Clebsch-Gordan coefficients in Rep(A) as follows:

1∨
A(ρ)w

v =
1

|G|
∑

a∈A

η(a) ρ(a)w
v η(a) = |A \ G|

∑

i

[
0A V 0A
1 v 1

]

i

[
0A V 0A
1 w 1

]∗
i
,

(5.16)
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where the range of i is equal to the multiplicity of 0A in the restriction ResG
A(V )

of V . Inspecting the definition of the state |Σ∨
�,Rep(G); 1∨

A, ϑtriv.〉, one can in-
voke Eq. (5.16) to rewrite it as a contraction of tensors of the form (3.36)
for (C,M) = (Rep(G),Rep(A)) but where the simple objects in Rep(A) are
restricted to be 0A, which can be imposed via an appropriate choice of Boltz-
mann weights θ. The non-vanishing entries of these tensors are of the form
(dV1dV2/dV3)

1
4
(�F

0AV1V2
0A

)0A,kj

V3,il
. Finally, it follows from Eq. (4.23) that we can

equivalently rewrite the partition function of the fixed point model as

ZVecG(Σ∨
�; θtriv., ϑC[A])

= 〈Σ∨
�,Rep(G),Vec |Σ∨

�,Rep(G), CA\G; θtriv., ϑC
A\G〉 . (5.17)

In the following, we shall contemplate the interplay between algebra objects
and gapped symmetric phases as one changes the basis of topological states
entering the definition of the partition function.

7. Gauging the VecG Symmetry

In this section, we perform the partial or total gauging of the VecG symmetry
of the G-Ising model, both in terms of the original formulation and its Fourier
transform. The actions of the resulting topological lines are explicitly computed
in terms of the tensor network operators.

7.1. Gauging Via A Choice of Brane Boundary Condition

We explained in Sect. 5.2 that by virtue of its symmetry, the G-Ising model
can be coupled to background flat gauge fields, which amounts to inserting a
fine enough network of topological lines in VecG. Given a subgroup A ⊆ G,
gauging the corresponding subsymmetry is performed by summing over all
possible such insertions of topological lines in VecA. The partition function of
the resulting theory reads

Z(VecG)∨
M(A)(Σ∨

�; θ)

∝
∑

σ∈GV(Σ∨
�)

∑

a∈AE(Σ∨
�)

( ∏

p∈P(Σ∨
�)

δ1,ap

) ∏

e∈E(Σ∨
�)

θe
(
σ−1

∂−e ae σ∂+e

)
, (6.1)

where we are using the shorthand notation ae ≡ a(e), and ap :=
∏

e⊂∂p ae

is over edges in the boundary of p ordered counterclockwise and assumed to
have the orientation opposite to that induced by the orientation of p. Our
choice of notation for the partition function, namely Z(VecG)∨

M(A)(Σ∨
�; θ), will

be justified in Sect. 7.3. By construction, every ‘matter’ degree of freedom
σv ∈ G can always be decomposed as σv = avσ̃v, where av ∈ A and σ̃v is the
representative of a coset in A \ G. Redefining the gauge field ae �→ a∂−eaea

−1
∂+e

yields

Z(VecG)∨
M(A)(Σ∨

�; θ)
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∝
∑

Aσ∈(A\G)V(Σ∨
�)

∑

a∈AE(Σ∨
�)

( ∏

p∈P(Σ∨
�)

δ1,ap

) ∏

e∈E(Σ∨
�)

θe
(
σ−1

∂−e ae σ∂+e

)
. (6.2)

In the spirit of Refs. [30,67], and more generally of the SymTFT perspective
[45], we rather perform this gauging via a choice of brane boundary condi-
tion. Recall from Sect. 4.2 that brane boundary conditions are labelled by
indecomposable module categories over VecG. We reviewed in Sect. 4.2 that
indecomposable module categories over VecG or Rep(G) are labelled by the
same data, namely pairs (A,ψ) consisting of a subgroup A ⊆ G and nor-
malised representative ψ of a cohomology class [ψ] ∈ H2(G, C×). Invoking
our construction, we claim that gauging the subsymmetry can be equivalently
performed by replacing the brane boundary condition VecG by M(A) in the
definition of the topological state so that

Z(VecG)∨
M(A)(Σ∨

�; θ) = 〈Σ�,VecG,M(A) |Σ�,VecG; θ, ϑtriv.〉 . (6.3)

Let us write down the right-hand side of this equality more explicitly. On
the one hand, spelling out the definition of the tensors (3.32) in terms of the
notations of Sect. 4.3, the topological state explicitly reads

|Σ�,VecG,M(A)〉
∝

∑

g∈GE(Σ�)

Aσ∈(A\G)P(Σ�)

( ∏

v∈V(Σ�)

δ1,gv

)( ∏

e∈E(Σ�)

δAσd+e�ge,Aσd−e

) ⊗

v∈V(Σ�)

|{ge}e⊃v, 1〉 ,

(6.4)

where gv :=
∏

e⊃v ge is a product of group elements over edges incident to v
ordered counterclockwise and assumed to be oriented in the outward direction.
On the other hand, the non-topological state was provided in Eq. (4.14). By
inspection, one obtains

〈Σ�,VecG,M(A) |Σ�,VecG; θ, ϑtriv.〉

∝
∑

g∈GE(Σ∨
�)

Aσ∈(A\G)V(Σ∨
�)

( ∏

p∈P(Σ∨
�)

δ1,gp

)( ∏

e∈E(Σ∨
�)

δAσ∂−e�ge,Aσ∂+e

) ∏

e∈E(Σ∨
�)

θe(ge) ,

(6.5)

where gp :=
∏

e⊂∂p ge. Since for every e ⊂ E(Σ∨
�), there is a Kronecker delta

function imposing Aσ∂−e � ge = Aσ∂+e, one can always construct a unique
aσ∂−e,ge ∈ A such that ge = σ−1

∂−e aσ∂−e,ge σ∂+e. In particular, it implies that
gp =

∏
e⊂∂p aσ∂−e,ge . Moreover, given a pair (σ∂+e, σ∂−e), there are exactly |A|-

many variables ge ∈ G such that Aσ∂−e � ge = Aσ∂+e. Summing aσ∂+e,ge
over

such variables ge in G thus amounts to summing over a group variable ae in
A. Finally, the comparison with Eq. (6.2) establishes equality (6.3). The main
two advantages of employing expression (6.3) over (6.1) are: (i) It makes iden-
tifying the topological lines in the gauged theory much more straightforward
(see Sect. 7.3). (ii) It teaches us how to gauge the subsymmetry A using the
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Fourier transformed theory, which is less intuitive given that the configuration
variables are valued in Rep(G) (see Sect. 7.2).
Before moving on, let us comment on alternative ways of formalising this
gauging procedure. In Refs. [19,88], the process of summing over background
flat gauge fields was expressed in terms of algebra objects in VecG. Specif-
ically, consider the algebra object C[A] =

⊕
a∈A Ca. Inserting a network of

one-codimensional defects in the dual lattice labelled by C[A], in such a way
that every junction implements the multiplication of the algebra, precisely
reproduces Eq. (6.1). Within this context, the above demonstration that the
partition function of the gauged theory can be equally expressed as (6.3) is the
lattice realisation of the equivalence ModVecG

(C[A]) � M(A) of VecG-module
categories.

When summing over gauge fields in Eq. (6.1), one made a specific choice
of measure. Analogously to the abelian case discussed in Sect. 3.3, alterna-
tive choices can be made. Specifically, the sum over the moduli space of flat
gauge fields can be weighted by characters of the Drinfel’d double of G—the
category of modules thereof being equivalent to Z (VecG)—in the same vein
as Eq. (4.19). This amounts to performing the gauging as a Fourier transform
over the moduli space of flat connections.

7.2. Equivariantisation and De-Equivariantisation

We commented in Sect. 4.2 that indecomposable module categories over VecG

and Rep(G) are labelled by the same data. As a matter of fact, not only do
they share the same data, but we have 2-functors

Mod(VecG) � Mod(Rep(G)) , (6.6)

referred to as equivariantisation and de-equivariantisation, respectively, which
are weak inverses of each other when restricting to semisimple module cate-
gories [16,27]. The existence of such 2-functors is crucial to the definition of
Kramers-Wannier dualities: It is employed to deduce which choice of Rep(G)-
module category amounts to the gauging of a given subsymmetry of the Fourier
transformed theory, which is difficult to motivate from basic principles other-
wise.

Let us focus on the equivariantisation since the de-equivariantisation can
be treated analogously. By definition, given a (finite semisimple C-linear) cat-
egory M with a (right) G-action—which is the same as saying that M is a
module category over VecG—we define a G-equivariant object in C as a pair
(X, γ) consisting of an object X in M and a collection γ of isomorphisms
γg : X � g

∼−→ X fulfilling a coherence axiom involving the module associa-
tor in M. The collection of G-equivariant objects in M form a category MG

referred to as the equivariantisation of M. Keeping in mind that a functor
F : Vec → M is specified by an object F(C) in M, one can readily check
that the category MG is equivalent to the category of VecG-module functors
FunVecG

(Vec,M). But FunVecG
(Vec,M) has the structure of a module category

over Rep(G) � FunVecG
(Vec,Vec) via the composition of VecG-module functors.

It follows that M �→ MG is indeed a 2-functor Mod(VecG) → Mod(Rep(G)).
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More concretely, consider the indecomposable VecG-module category
M(A) defined in Sect. 4.2. Let us compute M(A)G � FunVecG

(Vec,M(A)).
By definition, an object (F, Fω) in FunVecG

(Vec,M(A)) consists of a functor
F : Vec → M(A), which is fully specified by an object F(C) :=

⊕
As∈A\G MAs

in M(A), and a natural isomorphism ω prescribed by isomorphisms

FωC,Cg :
( ⊕

As∈A\G

MAs

)� Cg
∼=

⊕

As∈A\G

MAs�g−1
∼−→

⊕

As∈A\G

MAs , (6.7)

for every g ∈ G. The transitivity of the G-action on A \ G requires MAs�g
∼=

MAs for every g ∈ G. Writing components of (6.7) as
Fω(As

g−→) : MAs
∼−→ MAs�g

∼= MAs , (6.8)

it follows from the pentagon axiom satisfied by Fω that we have Fω(As
g1−→) ◦

Fω(As�g1
g2−→) = Fω(As

g1g2−−−→), for every g1, g2 ∈ G and As ∈ G/A. Given any
As ∈ A \G, there are |A|-many variables in G stabilising it. Restricting to the
stabiliser subgroup of any As ∈ A \ G, we find that (F, Fω) provides an object
in Rep(A). Conversely let η : A → EndC(M) be a simple object in Rep(A).
The corresponding VecG-module functor M ≡ (F, Fω) in FunVecG

(Vec,M(A))
is constructed as follows: Construct the functor F : C �→ ⊕

As∈A\G MAs such
that MAs

∼= M for every As ∈ A \ G. Then, define isomorphisms FωC,Cg :
F(C) � Cg

∼−→ F(C) via
Fω(As

g−→) := η(aAs,g) : M
∼−→ M , (6.9)

for every g ∈ G and As ∈ G/A, where aAs,g ∈ A is defined in Sect. 4.2. It
follows from

η(aAs,g1g2) = η(aAs,g1) ◦ η(aAs�g1,g2) , (6.10)
which holds for every As ∈ A\G and g1, g2 ∈ G, that the natural isomorphism
Fω endows F with a module structure. Therefore (F, Fω) defines a VecG-module
functor from Vec to M(A). In terms of string diagrams, components of the
module structure reads

m

1

CAs

CgM

CAs�g

=
dimCM∑

n=1

η(aAs,g)n
m

1

n

CgM

CAs�g

. (6.11)

Putting everything together, we obtained that M(A)G � Rep(A) as cat-
egories. It remains to show that this equivalence holds as Rep(G)-module cate-
gories. Since Rep(G) � FunVecG

(Vec,Vec), the composition of module functors
naturally endows M(A)G with the structure of a VecG-module category, which
coincides with the action of the restriction functor ResG

A. Indeed, consider the
composition

◦ : FunVecG
(Vec,M(A)) × FunVecG

(Vec,Vec) → FunVecG
(Vec,M(A)) .
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(6.12)

Given simple objects η1 : A → EndC(M1) and ρ : G → EndC(V ) in Rep(A) and
Rep(G), respectively, the composition of the corresponding module functors
yields an object in Rep(A) � M(A)G, which may or may not be simple.
Therefore, there must exist symbols defined in terms of string diagrams as

i

m2
M2

VM1

CAs

=
dimCV∑

v=1

dimCM1∑

m1=1

[
M1 V M2
m1 v m2

]∗
i,As

v

m1

VM1

CAs

, (6.13)

where η2 : A → EndC(M2) is a simple object in Rep(A) and i labels a basis
vector in the hom-space HomRep(A)(M1 � V,M2). By inspection, one finds

[
M1 V M2
m1 v m2

]∗
i,As

=
dimCV∑

w=1

[
M1 V M2
m1 w m2

]∗
i
ρ(s)v

w , (6.14)

where the symbols on the r.h.s. are the Clebsch-Gordan coefficients we in-
troduced in Eq. (3.18). These modified symbols satisfy a generalisation of
a familiar relation involving Clebsch-Gordan coefficients. Given two cosets
Ar,As ∈ A \ G, there are exactly |A|-many group variables in G satisfying
Ar � g = As. This constraint can be implemented by means of a Kronecker
delta δAr�g,As. For any g ∈ G such that Ar�g = As, we mentioned in Sect. 4.2,
that there was a unique aAr,g ∈ A such that g = r−1aAr,gs. It follows that

1
|A|

∑

g∈G

δAr�g,As η1(aAr,g)n1
m1

ρ(g)w
v η∨

2 (aAr,g)n2
m2

=
1

dM2

d
M1V
M2∑

i=1

[
M1 V M2
m1 v m2

]

i,Ar

[
M1 V M2
n1 w n2

]∗
i,As

, (6.15)

where dM1V
M2

:= dimCHomRep(A)(M1 � V,M2). In the same vein, by combining
(6.11) and (6.13) one obtains a coherence relation that translates into the
following intertwining property:

∑

n1,w

η1(aAr,g)n1
m1

ρ2(g)w
v

[
M1 V M2
n1 w m2

]

i,Ar�g

=
∑

n2

[
M1 V M2
n1 w n2

]

i,Ar
η2(aAr,g)m2

n2
, (6.16)

which is true for any g ∈ G and Ar ∈ A\G.
In conclusion, the equivalence of Rep(G)-module categories Rep(A) �

M(A)G stipulates that gauging the subsymmetry A ⊆ G of the Fourier trans-
formed theory is obtained by choosing the brane boundary condition Rep(A)
in Mod(Rep(G)). Specifically, gauging the subsymmetry A of a G-Ising model
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with partition function 〈Σ∨
�,Rep(G),Vec |Σ∨

�,Rep(G); θ∨, ϑtriv.〉 results in a
gauged theory with partition function 〈Σ∨

�,Rep(G),Rep(A) |Σ∨
�,Rep(G); θ∨,

ϑtriv.〉. In Sect. 8, we shall confirm that the latter is indeed equal to Z(VecG)∨
M(A)

(Σ∨
�; θ). Crucially, equivariantisation and de-equivariantisation further implies

equivalence of the following categories of module endofunctors [33,47]:

FunVecG
(M(A),M(A)) � FunRep(G)(Rep(A),Rep(A)) , (6.17)

which will ultimately ensure that topological lines before and after Fourier
transform are labelled by the same data, regardless of the amount of the initial
symmetry being gauged, as expected. We define the explicit action of the
corresponding topological lines in the following.

7.3. Topological Lines

It follows from the results of Sect. 4.4 that the theory resulting from gauging
the subsymmetry A, via the choice of indecomposable VecG-module category
M(A), can be coupled with topological lines labelled by objects in (VecG)∨

M(A).
In order to understand the action of such topological lines, i.e. to compute the
tensors Eq. (3.36), it is useful to briefly review the explicit computation of
(VecG)∨

M(A). We proceed as for M(A)G. By definition, an object (F, Fω) in
FunVecG

(M(A),M(A)) consists of an endofunctor F : M(A) → M(A) speci-
fied by a collection of objects F(CAr) := MAr =

⊕
As∈A\G MAr

As in M(A), as
well as a natural isomorphism Fω prescribed by isomorphisms

FωCAr,Cg :
( ⊕

As∈A\G

MAr
As

)� Cg
∼=

⊕

As∈A\G

MAr
As�g−1

∼−→
⊕

As∈A\G

MAr�g
As ,

(6.18)
for every Ar ∈ A\G and g ∈ G. Given Ar,As ∈ A \ G, the transitivity of
the G-action requires that MAr

As
∼= MAr�g

As�g ∈ Vec for every g ∈ G. Writing
components of (6.18) as

Fω
(
(Ar,As)

g−→ )
: MAr

As
∼−→ MAr�g

As�g
∼= MAr

As , (6.19)

it follows from the pentagon axiom satisfied by Fω that we have
Fω
(
(Ar,As)

g1−→ ) ◦ Fω
(
(Ar � g1, As � g1))

g2−→ )
= Fω

(
(Ar,As)

g1g2−−−→ )
,

(6.20)

for every g1, g2 ∈ G and Ar,As ∈ A\G. Putting everything together, this is
the statement that (F, Fω) is a representation of the groupoid algebra C[AGA],
where AGA is the groupoid consisting of objects (Ar,As) ∈ A \ G × A \ G and
morphisms of the form (Ar,As)

g−→ (Ar�g,As�g), for every g ∈ G. Groupoid
representation theory then dictates that an irreducible representation of the
groupoid algebra is labelled by a connected component of the groupoid AGA

and an irreducible representation of the stabiliser subgroup in G generated
by morphisms stabilising the representative of this connected component. The
set of connected components is isomorphic to A \ G/A such that given AxA ∈
A \ G/A, a representative of the corresponding connected component is given
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by (Ax,A). The subgroup stabilising the connected component represented
by (Ax,A) is then found to be A ∩ x−1Ax. We infer from this analysis the
following equivalence of categories [80]

FunVecG
(M(A),M(A)) � Mod(C[AGA]) � ð

AxA∈A\G/A

Rep(A ∩ x−1Ax) .

(6.21)

This equivalence can be lifted to an equivalence of fusion categories, where the
fusion structure is given by the composition of VecG-module functors.

It is useful to work out the converse explicitly. Consider a simple object
in Mod(C[ACA]), which amounts to a pair Vx ≡ (AxA ∈ A\G/A, η : A ∩
x−1Ax → EndC(V )). The corresponding VecG-module functor Vx ≡ (F, Fω)
in FunVecG

(M(A),M(A)) is constructed as follows: Define the functor F :
CAr �→ ⊕

As∈A\G MAr
As such that MAr

As
∼= δArs−1A,AxA V for every As,Ar ∈

A\G. Then, define isomorphisms FωCAr,Cg : F(CAr) � Cg
∼−→ F(CAr � Cg) via

components
Fω
(
(Ar,As)

g−→ )
:= η(aAs,g) : V

∼−→ V , (6.22)

for every Ar,As ∈ A\G such that Ars−1A = AxA, where aAs,g ∈ A ∩ x−1Ax
was defined in Sect. 4.2. It follows from

η(aAs,g1g2) = η(aAs,g1) ◦ η(aAs�g1,g2) , (6.23)

which holds for every As ∈ A\G and g1, g2 ∈ G, that the natural isomorphism
Fω endows F with a module structure. Therefore (F, Fω) defines a VecG-module
endofunctor of M(A). In terms of string diagrams, components of the module
structure read

v

1

CAs

CAr CgVx

CAs�g

= δArs−1A,AxA

dimCVx∑

w=1

η(aAs,g)w
v

1

w
CAr�g

CAr CgVx

CAs�g

. (6.24)

We are now ready to define the action of the topological line labelled by
Vx ≡ (F, Fω) in (VecG)∨

M(A) in terms of tensors whose components read:

Vx

Cg

1

1

v w

CAs CAs�g

CAr CAr�g

= δArs−1A,AxA η(aAs,g)w
v , (6.25)

for every Ar,As ∈ A\G and g ∈ G, with η : A ∩ x−1Ax → EndC(V ). Finally,
topological invariance is guaranteed by Eq. (6.23). Let us examine a couple of
explicit cases: On the one hand, we recover ’t Hooft lines labelled by simple
objects in VecG whenever A = {1}, i.e. whenever the brane boundary condition
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is Dirichlet. On the other hand, we recover Wilson lines labelled by simple
objects in Rep(G) � (VecG)∨

Vec whenever A = G, i.e. whenever the brane
boundary condition is Neumann.

The derivations above produce the topological lines of the theory re-
sulting from gauging the subsymmetry A ⊆ G in the original theory. Simi-
larly, one can compute the action of topological lines resulting from gauging
the subsymmetry A ⊆ G of the Fourier transformed theory. It follows from
(VecG)∨

M(A) � (Rep(G))∨
Rep(A) that topological lines are still labelled by a pair

Vx ≡ (AxA ∈ A\G/A, η : A ∩ x−1Ax → EndC(V )). The corresponding
Rep(G)-module functor Vx ≡ (G,Gω) in (Rep(G))∨

Rep(A) can be constructed as
follows: Realising Rep(A) as M(A)G, the functor G : Rep(A) → Rep(A) takes a
VecG-module functor Vec → M(A) to the composite Vec → M(A) F−→ M(A),
where the VecG-module functor F : M(A) → M(A) is that we defined above
given the data underlying Vx. The Rep(G)-module structure of G, which fol-
lows from the composition of VecG-module functors, produces symbols

i

j
M3

M1 WVx

M2

=
∑

M4

∑

k,l

(
VxωM1W

M2

)M4,kl

M3,ij

k

l

M4

M1 WVx

M2

, (6.26)

where W is a simple object in Rep(G), while M1,M2,M3 and M4 are simple
objects in Rep(A). One obtains that the action of the topological line labelled
by Vx ≡ (G,Gω) in (Rep(G))∨

Rep(A) is realised by tensors whose components
read:

Vx

W

k

j

i l

M3 M2

M1 M4

=
(
VxωM1W

M2

)M4,kl

M3,ij
. (6.27)

As before, let us examine the two extreme scenarios: On the one hand,
one obtains ’t Hooft lines labelled by simple objects in Rep(G) whenever the
brane boundary condition is Dirichlet. On the other hand, we recover Wilson
lines labelled by simple objects in VecG � (Rep(G))∨

Vec whenever the brane
boundary condition is Neumann.

7.4. Gauging Renormalisation Group Fixed Points

Previously, we explained how to construct the partition function ZVecG(Σ∨
�;

θtriv., ϑC[B]) of a renormalisation group fixed point for the VecG-symmetric
gapped phase with unbroken subgroup B ⊆ G, namely 〈Σ�,VecG,VecG |Σ�,

VecG, C[B]; θtriv., ϑC[B]〉. What happens to the gapped phase as we gauge the
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subgroup A ⊆ G? In other words, which symmetric gapped phase does the par-
tition function 〈Σ�,VecG,M(A) |Σ�,VecG, C[B]; θtriv., ϑC[B]〉 correspond to?
The answer to this question requires a generalisation of the concept of equivari-
antisation, stipulating that, given a fusion category C and a finite semisimple
C-module category M, the 2-functor

N �→ FunC(M,N ) : Mod(C) → Mod(C∨
M) (6.28)

is a 2-equivalence [32]. Recall that the category ModVecG
(C[B]) of module ob-

jects over C[B] in VecG is equivalent to the (indecomposable) VecG-module
category M(B). After gauging the symmetry A, we confirmed above that the
symmetry of the resulting model is given by (VecG)∨

M(A). It still encodes the
renormalisation group fixed point of a gapped phase, but with respect to the
dual symmetry (VecG)∨

M(A). Therefore, it is the gapped phase encoded into
the category FunVecG

(M(A),M(B)), which is equipped with a (VecG)∨
M(A)-

module category structure provided by the composition of VecG-module func-
tors [62]. Consider the scenario where the whole VecG symmetry is gauged.
We established in Sect. 6.3 the equality

〈Σ�,VecG,VecG |Σ�,VecG, C[B]; θtriv., ϑC[B]〉
= 〈Σ∨

�,Rep(G),Vec |Σ∨
�,Rep(G), CB\G; θtriv., ϑC

B\G〉 .

After gauging the whole VecG-symmetry, we thus obtain the Kramers–Wannier
dual model with partition function 〈Σ∨

�,Rep(G),Rep(G) |Σ∨
�,Rep(G), CB\G;

θtriv., ϑC
B\G〉, at which point one can identify the gapped phase as that break-

ing the Rep(B) symmetry.
Concretely, the reasoning above implies that the interpretation of a given

phase of matter in terms of symmetry breaking pattern depends on the rep-
resentative of the corresponding Morita class of symmetries. For instance, by
changing representative via a gauging procedure, it is possible to change the
‘amount’ of symmetry being broken. As a matter of fact, it is always possible
to find a representative of a given class of models where its whole symmetry
is broken. In the notations of the previous paragraph, it suffices to choose
A = B, since the symmetry broken phase is always associated with choos-
ing (VecG)∨

M(A) as a module category over itself, in such a way that degen-
erate ground states are in one-to-one correspondence with simple objects in
(VecG)∨

M(A).

8. Fourier Transform of (VecG)∨
M(A)-Symmetric Models

In this section, we extend the derivations of Sect. 6 to compute the Fourier
transform of the partition function of the theory obtained after gauging some
subsymmetry. We then bring everything together to equate the partition func-
tion of a G-Ising model and that of its Kramers–Wannier dual.
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8.1. Fourier Transform

By performing a Fourier transform of the Boltzmann weights, we established
in Sect. 6 an equality between two expressions for the partition function
ZVecG(Σ∨

�; θ) of the G-Ising model. These two expressions can be obtained
by realising the G-Ising model as a boundary theory of the topological theory
ZC with input datum C = VecG and C = Rep(G), respectively. Gauging the
subsymmetry A ⊆ G was then performed in the previous section by choosing
the brane boundary conditions provided by M(A) and Rep(A), respectively.
We now wish to prove that the resulting partition functions are also related
by a Fourier transform of the corresponding Boltzmann weights.

Consider the partition function (6.3) we obtained in the previous section:

Z(VecG)∨
M(A)(Σ∨

�; θ) = 〈Σ�,VecG,M(A) |Σ�,VecG; θ, ϑtriv.〉 . (7.1)

For convenience, we reproduce below its explicit form:

Z(VecG)∨
M(A)(Σ∨

�; θ)

∝
∑

g∈GE(Σ∨
�)

Aσ∈(A\G)V(Σ∨
�)

( ∏

p∈P(Σ∨
�)

δ1,gp

)( ∏

e∈E(Σ∨
�)

δAσ∂−e�ge,Aσ∂+e

) ∏

e∈E(Σ∨
�)

θe(ge) .

As in Sect. 7.1, one begins our computation by employing the fact that for
every e ⊂ ∂p, there is a Kronecker delta imposing Aσ∂−e �ge = Aσ∂+e, so that
there is a unique aσ∂−e,ge ∈ A such that ge = σ−1

∂−e aσ∂−e,ge σ∂+e. In particular,
it implies that gp =

∏
e⊂∂p aσ∂−e,ge . Performing an inverse Fourier transform

of δ1,gp then yields

δ1,gp =
∑

Mp∈Â

dMp tr
( ∏

e⊂∂p

η∨
p (aσ∂−e,ge)

)
≡
∑

Mp∈Â

dMp

∏

e⊂∂p

η∨
p (aσ∂−e,ge)

mp,∂+e

mp,∂−e ,

(7.2)
where η∨

p : A → EndC(Mp). As before, we use the convention that repeated
indices are summed over. Applying Eq. (7.2) to δ1,gp , for every p ∈ P(Σ∨

�),
and Eq. (5.2) to the Boltzmann weights θe, for every e ∈ E(Σ∨

�), yields

Z(VecG)∨
M(A)(Σ∨

�; θ) ∝
∑

V ∈Ĝ
E(Σ∨

�)

M∈Â
P(Σ∨

�)

∑

g∈G
E(Σ∨

�)

Aσ∈(A\G)
V(Σ∨

�)

( ∏

p∈P(Σ∨
�)

dMp

∏

e⊂∂p

η∨
p (aσ∂−e,ge)

mp,∂+e

mp,∂−e

)

( ∏

e∈E(Σ∨
�)

δAσ∂−e�ge,Aσ∂+e dVe θ∨
e (ρe)

we
ve

ρ∨
e (ge)

ve
we

)
. (7.3)

The product over the plaquettes can be reorganised so as to obtain

Z(VecG)∨
M(A)(Σ∨

�; θ) ∝
∑

V ∈Ĝ
E(Σ∨

�)

M∈Â
P(Σ∨

�)

∑

Aσ∈(A\G)
V(Σ∨

�)

( ∏

p∈P(Σ∨
�)

dMp

)( ∏

e∈E(Σ∨
�)

dVe θ∨
e (ρe)

we
ve

)

( ∏

e∈E(Σ∨
�)

∑

ge∈G

δAσ∂−e�ge,Aσ∂+e η∨
d+e(aσ∂−e,ge)

md+e,∂+e

md+e,∂−e
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· ρ∨
e (ge)

ve
we

ηd−e(aσ∂−e,ge)
md−e,∂+e

md−e,∂−e

)
. (7.4)

We are precisely within the framework of Sect. 7.2. Invoking Eq. (6.15), the
sum over the gauge field ge can be carried out so as to obtain

1
|A|

∑

ge∈G

δAσ∂−e�ge,Aσ∂+e
η∨
d+e(aσ∂−e,ge)

md+e,∂+e

md+e,∂−e
ρ∨
e (ge)ve

we
ηd−e(aσ∂−e,ge)

md−e,∂+e

md−e,∂−e

=
∑

ie

1
(dMd−e

)
1
2

[
M∨

d+e
V ∨
e M∨

d−e
md+e,∂−e we md−e,∂−e

]

ie,Aσ∂−e

1
(dMd−e

)
1
2

[
M∨

d+e
V ∨
e M∨

d−e
md+e,∂+e ve md−e,∂+e

]∗
ie,Aσ∂+e

. (7.5)

By analogy with Sect. 6, we now distinguish two situations associated with
the two types of 3-valent vertices in Σ∨

�. Given any vertex v ∈ V(Σ∨
�), we still

denote by ev,1 and ev,2 the two incoming or outgoing edges, and by ev,3 the
remaining one. On the one hand, whenever there are two incoming edges at v,
one can reorganise the results of the summations over the gauge field degrees
of freedom so as to obtain the following contribution associated with v:

1
(dMd−ev,1

)
1
2

[
M∨

d+ev,1
V ∨
ev,1

M∨
d−ev,1

md+ev,1,v vev,1 md−ev,1,v

]∗

iev,1 ,Aσv

· 1
(dMd−ev,2

)
1
2

[
M∨

d−ev,1
V ∨
ev,2

M∨
d−ev,2

md−ev,1,v vev,2 md−ev,2,v

]∗

iev,2 ,Aσv

· 1
(dMd−ev,2

)
1
2

[
M∨

d+ev,1
V ∨
ev,3

M∨
d−ev,2

md+ev,1,v wev,3 md−ev,2,v

]

iev,3 ,Aσv

, (7.6)

where we used the fact that by convention d+ev,1 ≡ d+ev,3, d−ev,2 ≡ d−ev,3
and d−ev,1 ≡ d+ev,2. On the other hand, whenever there are two outgoing
edges at v, one obtains

1
(dMd−ev,1

)
1
2

[
M∨

d+ev,1
V ∨
ev,1

M∨
d−ev,1

md+ev,1,v wev,1 md−ev,1,v

]

iev,1 ,Aσv

· 1
(dMd−ev,2

)
1
2

[
M∨

d−ev,1
V ∨
ev,2

M∨
d−ev,2

md−ev,1,v wev,2 md−ev,2,v

]

iev,2 ,Aσv

· 1
(dMd−ev,2

)
1
2

[
M∨

d+ev,1
V ∨
ev,3

M∨
d−ev,2

md+ev,1,v vev,3 md−ev,2,v

]∗

iev,3 ,Aσv

, (7.7)

where we are using the same identifications as above. At this stage, one can
use the invariance property (6.16) in order to rewrite the above expressions
in terms of plain Clebsch–Gordan coefficients in Rep(A). Focusing for now on
Eq. (7.6), one finds

1

(dMd−ev,1
)

1
2

[
M∨

d+ev,1
V ∨
ev,1

M∨
d−ev,1

md+ev,1,v uev,1 md−ev,1,v

]∗

iev,1

ρ∨
ev,1(σv)

vev,1
uev,1
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· 1

(dMd−ev,2
)

1
2

[
M∨

d−ev,1
V ∨
ev,2

M∨
d−ev,2

md−ev,1,v uev,2 md−ev,2,v

]∗

iev,2

ρ∨
ev,2(σv)

vev,2
uev,2

· 1

(dMd−ev,2
)

1
2

[
M∨

d+ev,1
V ∨
ev,3

M∨
d−ev,2

md+ev,1,v uev,3 md−ev,2,v

]

iev,3

ρev,3(σv)
wev,1
uev,1

,

which is true for any σv ∈ G. Since the previous expression is valid for any σv,
one can freely sum over σv ∈ G, provided that we divide the partition function
by |G|. But,

1
|G|

∑

σv∈G

(dVev,1
dVev,2

)
1
2 ρ∨

ev,1(σv)
vev,1
uev,1

ρ∨
ev,2(σv)

vev,2
uev,2

(dVev,3
)

1
2 ρev,3(σv)

wev,3
uev,3

=
∑

iv

(dVev,1
dVev,2

dVev,3

) 1
4
[

V ∨
ev,1

V ∨
ev,2

V ∨
ev,3

uev,1 uev,2 uev,3

]

iv

(dVev,1
dVev,2

dVev,3

) 1
4
[

V ∨
ev,1

V ∨
ev,2

V ∨
ev,3

vev,1 vev,2 wev,3

]∗
iv
.

(7.8)
Assembling the various Clebsch–Gordan coefficients associated with the vertex
v together with the corresponding multiplicative factors of quantum dimen-
sions, one finds

1
(dMd−ev,1

)
1
2

[
M∨

d+ev,1
V ∨
ev,1

M∨
d−ev,1

md+ev,1,v uev,1 md−ev,1,v

]∗

iev,1

1
(dMd−ev,2

)
1
2

[
M∨

d−ev,1
V ∨
ev,2

M∨
d−ev,2

md−ev,1,v uev,2 md−ev,2,v

]∗

iev,2

·
(dVev,1

dVev,2

dVev,3

) 1
4
[

V ∨
ev,1

V ∨
ev,2

V ∨
ev,3

uev,1 uev,2 uev,3

]

iv

1
(dMd−ev,2

)
1
2

[
M∨

d+ev,1
V ∨
ev,3

M∨
d−ev,2

md+ev,1,v uev,3 md−ev,2,v

]

iev,1

=
(dVev,1

dVev,2

dVev,3

) 1
4 1
(dMd−ev,1

)
1
2

(
�F

M∨
d+ev,1

V ∨
ev,1

V ∨
ev,2

M∨
d−ev,2

)V ∨
ev,3

,iviev,3

M∨
d−ev,1

,iev,1 iev,2

.

(7.9)

where we used the definition (3.20) of the �F -symbols of the Rep(G)-module
category Rep(A). Starting from Eq. (7.7) yields a similar result in terms of �F̄ -
symbols. These quantities precisely correspond to the entries of tensors of the
form (3.29) entering the definition of the topological state |Σ∨

�,Rep(G),Rep(A)〉.
More specifically, to every vertex, we assign a tensor whose entries are of the
form (7.9). This set of tensors are contracted along multiplicity indices of
the type ie, resulting in the topological state |Σ∨

�,Rep(G),Rep(A)〉. Moreover,
notice that expression (7.9) does not involve Clebsch–Gordan coefficients con-
taining indices of the type ve and we, which are the type of indices appearing
with the matrices θ∨

e (ρe). Tensors evaluating to these Clebsch–Gordan coeffi-
cients are contracted to each other via the matrices θ∨

e (ρe) so as to define the
state |Σ∨

�,Rep(G); θ, ϑtriv.〉. Finally, contracting these tensor network states
along multiplicity indices of the type iv precisely recovers the inner product in
HRep(G)(Σ∨

�) of these two states. Bringing everything together, this establishes
the equality

Z(VecG)∨
M(A)(Σ∨

�; θ) = 〈Σ∨
�,Rep(G),Rep(A) |Σ∨

�,Rep(G); θ∨, ϑtriv.〉 , (7.10)
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which, together with Eq. (6.3), allows us to establish the Kramers–Wannier
duality below. Note that in the spirit of Sect. 6.2 we could have performed this
computation in the presence of topological lines whose actions are obtained in
Sect. 7.3.

8.2. Non-Abelian Kramers–Wannier Duality

In the previous sections, we demonstrated how the Fourier transform relates
two VecG-symmetric theories realised as boundary theories of topological field
theories with input data VecG and Rep(G), respectively; we explained how to
independently gauge a subsymmetry in both descriptions; we subsequently re-
lated the partitions functions of the resulting (VecG)∨

M(A)-symmetric theories.
Recall that we define a Kramers–Wannier dual of a theory as the combination
of performing a Fourier transform and gauging a subsymmetry. Establishing
equality of a partition function and its Kramers–Wannier dual thus requires
equating partition functions before and after gauging. As anticipated, this re-
quires elucidating the interplay between gauging and topological sectors.

Given a spherical fusion category C and a C-module category M, we
explained in Sect. 4.4 how to construct a basis of the Hilbert space ZC(ΣΥ).
This basis is indexed by simple objects in the Drinfel’d center Z (C∨

M) of the
symmetry category C∨

M, which provide the bulk topological operators of ZC ,
and we denoted the basis vector associated with the simple object (Z,RZ,−)
by |ΣΥ, C,M, (Z,RZ,−)〉. In Sect. 5.1, we used these basis states to write the
partition function of C∨

M-symmetric theories in non-trivial sectors. Whenever
we gauge part of the symmetry via a change of brane boundary condition M →
N , we are considering a different basis of the Hilbert space ZC(ΣΥ), namely
that associated with N . But |ΣΥ, C,M, (Z,RZ,−)〉 can always be expressed
in this new basis. This confirms that one can always find a superposition of
sectors in the gauged theory so that the partition function coincides with
that associated with the topological state |ΣΥ, C,M, (Z,RZ,−)〉. The explicit
basis transformation is encoded into the equivalence Z (C∨

M) � Z (C∨
N ), which

follows from the Morita equivalence between C∨
M and C∨

N . Note that figuring
this change of basis out may be challenging in practice, as it requires finding
a common parameterisation of simple objects in Z (C∨

M) and Z (C∨
N ) while

C∨
M and C∨

N may not be monoidally equivalent. Without loss of generality, let
us suppose that N = C. We can find this common parameterisation invoking
Z(C∨

M) ∼−→ (C∨
M � C)∨

M
∼←− Z (C), together with the fact that (C∨

M � C)∨
M is

symmetric in C and C∨
M.

Let us now specialise to the case of G-Ising models, and consider gaug-
ing the whole symmetry. In this case, the fact that a superposition of sectors
in the gauged theory can be found so that the resulting partition function
coincides with the initial one can be inferred from the notion that gauging
amounts to a Fourier transform on the moduli space of flat connections. As
discussed in Sect. 5.2, simple objects in Z (VecG) can be conveniently labelled
by pairs ([c1], Vc1) consisting of a conjugacy class and an irreducible repre-
sentation of its centraliser. With the notations of Eq. (3.41), the partition
function ZVecG(Σ∨

�; θ) of the G-Ising model in the trivial sector, i.e. without
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line insertions, is associated with the object
⊕

V ∈Ĝ dV · ([1], V ) of Z (VecG) so
that ZVecG(Σ∨

�; θ) ≡ ZVecG(Σ∨
�; θ)([1,1]) =

∑
V ∈Ĝ dV ZVecG(Σ∨

�; θ)([1], V ).
In contrast, the partition function of the theory in the sector labelled by the
identity in Z (VecG) is provided by ZVecG(Σ∨

�; θ)([1], 0) = 1
|G|
∑

h∈G ZVecG(Σ∨
�; θ)

([1, h]). For instance, the network of lines producing the partition function
ZVecG(Σ∨

�; θ)([1], V ) explicitly reads

1
|G|

∑

g∈G

trV

(
η(g)

)

(7.11)

where η : G → EndC(V ). After gauging the VecG symmetry, the dual sym-
metry is found to be (VecG)∨

Vec � Rep(G). The same pair of labels ([1], V )
parameterises a simple object in Z(Rep(G)), which now encodes a sector in
the gauged theory with respect to Rep(G). The network of lines producing the
partition function Z(VecG)∨

Vec(Σ∨
�; θ)([1], V ) is given by

1
|G|

∑

W∈Ĝ

dW ,

(7.12)

where, in this case, the half-braiding isomorphism RV,W : V ⊗ W
∼−→ W ⊗ V

is simply provided by the operator that permutes the order of vector spaces in
the tensor product. A treatment of the general case can be found in Ref. [68].
We can readily confirm that

|Σ�,VecG,VecG, ([1], V )〉 = |Σ�,VecG,Vec, ([1], V )〉 , (7.13)

from which follows that ZVecG(Σ∨
�; θ)([1], V ) = Z(VecG)∨

Vec(Σ∨
�; θ)([1], V ). In

particular, considering instead the object
⊕

V ∈Ĝ dV · ([1], V ) relates the parti-
tion function of the G-Ising model without line insertions to that of the gauged
model with the sum of all possible line insertions. More generally, one has
ZVecG(Σ∨

�; θ)([c1], Vc1) = Z(VecG)∨
Vec(Σ∨

�; θ)([c1], Vc1). Subsequently performing
the Fourier transform allows us to equate the partition function of the G-Ising
model in a given sector and that of its Kramers–Wannier dual in a dual sector:

〈Σ�,VecG,VecG, ([c1], Vc1) |Σ�,VecG; θ, ϑtriv.〉
∝ 〈Σ∨

�,Rep(G),Rep(G), ([c1], Vc1) |Σ∨
�,Rep(G), θ∨, ϑtriv.〉 .

(7.14)

Similar relations hold whenever we only gauge a subsymmetry A instead, in
which case simple objects in Z ((VecG)∨

M(A)) can still be parametrised by
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pairs ([c1], Vc1). Finally, note that the same reasoning applies to open versions
of the bulk topological operators, whereby the same object in Z (VecG) ∼=
Z ((VecG)∨

M(A)) can give rise to an order or a disorder operator with respect
to the symmetry (VecG)∨

M(A) depending on the choice of A.
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